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Abstract 

We consider one-dimensional systems in the presence of a quasi-periodic perturbation, in the 
analytical setting, and study the problem of existence of quasi-periodic solutions which are res- 
onant with the frequency vector of the perturbation. We assume that the unperturbed system 
is locally integrable and anisochronous, and that the frequency vector of the perturbation satis- 
fies the Bryuno condition. Existence of resonant solutions is related to the zeroes of a suitable 
function, called the Melnikov function - by analogy with the periodic case. We show that, if 
the Melnikov function has a zero of odd order and under some further condition on the sign of 
the perturbation parameter, then there exists at least one resonant solution which continues an 
unperturbed solution. If the Melnikov function is identically zero then one can push perturbation 
theory up to the order where a counterpart of Melnikov function appears and does not vanish 
identically: if such a function has a zero of odd order and a suitable positiveness condition is met, 
again the same persistence result is obtained. If the system is Hamiltonian, then the procedure 
can be indefinitely iterated and no positiveness condition must be required: as a byproduct, the 
result follows that at least one resonant quasi-periodic solution always exists with no assumption 
on the perturbation. Such a solution can be interpreted as a (parabolic) lower-dimensional torus. 

1 Introduction 

Melnikov theory studies the fate of homoclinic and periodic orbits of two-dimensional dynamical 
systems when they are periodically perturbed; see for instance |36j for an introduction to the subject. 
The problem can be stated as follows. Consider in a dynamical system of the form 

(x = fi{x,y) + egi{x,y,t), 
\y = f2ix,y) + eg2{x,y,t), 

with /i,/2,5i,52 'sufficiently smooth', gi and g2 T-periodic in t for some T > and e a small 
parameter, called the perturbation parameter. If /i = dyh and /2 = —dxh, for a suitable function h, 
the unperturbed system is Hamiltonian. Assume that for e = the system (jl.ip admits a homoclinic 
orbit Ml (t) to a hyperbolic saddle point p and that the bounded region of the phase space delimited 
by {ui{t) : t G R} U {p} is filled with a continuous family of periodic orbits us{t), 6 G (0, 1), whose 
periods tend monotonically to oo as (5 — )• 1. Because of the assumptions, it is easy to see (as an 
application of the implicit function theorem) that for e ^ small enough, the system (jl.ip admits 
a hyperbolic periodic orbit u{t,£) = p + 0(e). Then one can ask whether the stable and unstable 
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manifolds of u{t, e) intersect transversely (in turn if this happens it can be used to prove that chaotic 
motions occur). Another natural question is what happens to the periodic orbits us{t) when e ^ 0. 
In particular one can investigate under which conditions 'periodic orbits persist', that is there are 
periodic orbits which are close to the unperturbed ones and reduce to them when the perturbation 
parameter is set equal to zero. If such orbits exist, they are called subharmonic or resonant orbits. 

Both the existence of transverse intersection of the stable and unstable manifolds of u{t, e) and 
the persistence of periodic orbits are related to the zeroes of suitable functions. More precisely if one 
define the Melnikov function as 

/oo 
dt (/2(ni(t - to))g2iui{t - to),t) - h{ui{t - to))gi{ui{t - to),*)), (1-2) 
-oo 

then if M(to) has simple zeroes the stable and unstable manifolds of u(t,e) intersect transversely, 
while if M(to) 7^ for all to S K, no intersection occurs; essentially M(to) measures the distance 
between the two manifolds along the normal to the homoclinic orbit at ui(to)- Concerning the 
periodic orbits, if the period Ts of us{t) is not commensurable with the period T of the functions 
51,(72, in general such an orbit will not persist under perturbations. Otherwise, set Ts = niT/n and 
define the (subharmonic) Melnikov function as 

f-mT 

M^/„(io):= / dt{f2ius{t-to))g2{us{t-to),t)- fi{us{t-to))giiu5{t-to),t)). (1.3) 
Jo 

If M^/^(to) has a simple zero then admits a subharmonic orbit u{t,e) with period mT; in 

particular, if the functions /i,/2, 51,52 are analytic, then u{t,e) is analytic in both e and t. If there 
are no zeroes at all, no periodic solution persists. The proof of the claims above is rather standard 
and it is essentially based on the application of the implicit function theorem. A possible approach for 
the case of subharmonic orbits consists in splitting the equations of motion into two separate sets of 
equations, the so-called range equations and bifurcation equations: one can solve the range equations 
in terms of the free parameter to and then fix the latter by solving the bifurcation equations, which 
represent an implicit function problem. 

The assumption that the zeroes of the Melnikov function are simple corresponds to a (generic) 
non-degeneracy condition on the perturbation. When the zeroes are not simple, the situation is 
slightly more complicated. In the case of subharmonic orbits, the same result of persistence extends 
to the more general case of zeroes of odd order [4J, and interesting new analytical features of the 
solutions appear [H [351 HI] ! indeed the subharmonic solutions turn out to be analytic in a suitable 
fractional power of e rather than e itself. On the other hand if the zeroes are of even order one cannot 
predict a priori the persistence of periodic orbits. Finally, if the Melnikov function is identically zero, 
one has to consider higher order generalisations of it and study the existence and multiplicity of their 
zeroes to deal with the problem [18j. 

If one considers a quasi-periodic perturbation instead of a periodic one, that is gkix,y,t) = 
Gk{x,y,ut), with Gfc : x T'^ and uj G W^, d > 2, one can still ask whether there exist 

hyperbolic sets run by quasi-periodic solutions with stable and unstable manifolds which intersect 
transversely and one can still study the existence of quasi-periodic solutions which are "resonant" 
with the frequency vector u: of the perturbation; see below - after (|1.4p - for a formal definition of 
resonant solution for quasi-periodic forcing. 

Also in the quasi-periodic case, non-degeneracy assumptions are essential to prove transversality 
of homoclinic intersections. Existence of a quasi-periodic hyperbolic orbit close to the unperturbed 
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saddle point and of its stable and unstable manifolds follows from general arguments, such as the 
invariant manifold theorem [23^ [37] , without even assuming any condition on the frequency vector 
u. Palmer generalises Melnikov's method to the case of bounded perturbations [48j using the theory 
of exponential dichotomies [16j. A suitable generalisation of the Melnikov function for quasi-periodic 
forcing is also introduced by Wiggins [SB]. He shows that if such a function has a simple zero 
then the stable and unstable manifolds intersect transversely. Then, generalising the Smale-Birkhoff 
homoclinic theorem to the case of orbits homoclinic to normally hyperbolic tori, he finds that there 
is an invariant set on which the dynamics of a suitable Poincare map is conjugate to a subshift of 
finite type; in turn this yields the existence of chaos. Similar results hold also for more general 
almost periodic perturbations (which include the quasi-periodic ones as a special case): Meyer and 
Sell show that also in that case the dynamics near transverse homoclinic orbits behaves as a subshift 
of finite type |44] and Scheurle, relying on Palmer's results, finds particular solutions which have 
a random structure [53]; again, to obtain transversality the Melnikov function is assumed to have 
simple zeroes. Such assumption can be weakened to an assumption of "topological non-degeneracy" 
(i.e. the existence of an isolated minimum or maximum of the primitive of the Melnikov function) 
as in the case of subharmonic orbits, and one can deal with the problem by use of a variational 
approach; see for instance [T7 1 W2\ [3l [9]. 

A natural application for the study of homoclinic intersections, widely studied in the literature, 
is the quasi-periodically forced Duffing equation ^53 HUE!]. Often, especially in applications, the 
frequency vector is taken to be two-dimensional, with the two components which are nearly resonant 
with the proper frequency of the unperturbed system (see for instance [71[59] and references therein). 
Then a different approach with respect to [56] is proposed by Yagasaki [59]: first, through a suitable 
change of coordinates, one arrives at a system with two frequencies, one fast and one slow, and 
then one uses averaging to reduce the analysis of the original system to that of a perturbation 
of a periodically forced system for which the standard Melnikov's method applies: the persistence 
of hyperbolic periodic orbits and their stable and unstable manifolds for the original system is then 
obtained as a consequence of the invariant manifold theorem. Transversality of homoclic intersections 
plays also a crucial role in the phenomenon of Arnold diffusion [21 132] : non-degeneracy assumptions 
on the perturbation are heavily used in the proofs existing in the literature (see e.g. [29l 122] ) 
in order to find lower bounds on the transversality, which in turn are fundamental to compute the 
diffusion times along the heteroclinic chains (see e.g. [HI [251 El [IDl [55]). A physically relevant 
case, studied within the context of Arnold diffusion, is that with frequency vectors with two fast 
components [211 [28l [5^ or with one component much faster and one component much slower than 
the proper frequency ('three scale system') [291 EOl [50]. In such cases the homoclinic splitting is 
exponentially small in the perturbation parameter and this makes the analysis rather delicate, as 
one has to check that the first order contribution to the splitting (the Melnikov function) really 
dominates; in particular non-degeneracy conditions on the perturbation are needed once more. 

The problem of existence of quasi-periodic orbits close to the center of the unperturbed system is 
harder and does not follow from the invariant manifold theorem. Second-order approximations for the 
quasi-periodic solutions close to the centers of a forced oscillator are studied in [7J , using the multiple 
scale technique for asymptotic expansions [41 [ [47] . But if one wants to really prove the existence 
of the solution, one must require additional assumption on u to deal with the presence of small 
divisors. In [45], Moser considers Buffing's equation with a quasi-periodic driving term and assumes 
that (i) the system is reversible, i.e. it can be written in the form x = f(x), with /: K," E,*^, and 
there exists an involution I: R" — )• R" such that f{Ix) = —If{x) (so that with x{t) also Ix{—t) is a 
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solution), and (ii) the frequency vector of the driving satisfies some Diophantine condition involving 
also the proper frequency of the unperturbed system linearised around its center. Then he shows 
that there exists a quasi-periodic solution, with the same frequency vector as the driving, to a slightly 
modified equation, in which the coefficient of the linear term is suitably corrected. If one tried to 
remove the correction then one should deal with an implicit function problem (see [B] for a similar 
situation), which, without assuming any non-degeneracy condition on the perturbation, would have 
the same kind of problems as in the present paper. Quasi-periodically forced Hamiltonian oscillators 
are also considered in [13], where the persistence of quasi-periodic solutions close to the centers of 
the unperturbed system is studied, including the case of resonance between the frequency vector of 
the forcing and the proper frequency. However, again, non-degeneracy conditions are assumed. 

On the contrary the problem of persistence of quasi-periodic solutions far from the stationary 
points, corresponding to the subharmonic solutions of the periodic case, does not seem to have been 
studied a great deal. (We can mention a paper by Xu and Jing [58], who consider Buffing's equation 
with a two-frequency quasi-periodic perturbation and follow the approach in [59] to reduce the 
analysis to a one-dimensional backbone system; however the argument used to show the persistence 
of the two-dimensional tori is incomplete and requires further hypotheses.) Again the existence of 
resonant solutions is related to the zeroes of a suitable function, still called Melnikov function by 
analogy with the periodic case. If the zeroes are simple, assuming some Diophantine condition on 
uj, the analysis can be carried out so as to reach conclusions similar to the periodic case, that is the 
persistence of resonant solutions. In this paper we study the same problem in the case of zeroes of odd 
order and additionally investigate what can still be said when the Melnikov function is identically 
zero. As remarked before, considering non-simple zeroes means removing non-degeneracy - and 
hence genericity - conditions on the perturbation. This introduces nontrivial technical complications, 
because one is no longer allowed to separate the small divisor problem plaguing the range equations 
from the implicit function problem represented by the bifurcation equations. The method we use 
is based on the analysis and resummation of the perturbation series through renormalisation group 
techniques [27l [32l [33l [26] ; for other renormalisation group approaches to small divisors problems 
in dynamical systems see for instance [HI [391 SSI EH [10] • As in [19] , the frequency vector of the 
perturbation will be assumed to satisfy the Bryuno condition] such a condition, originally introduced 
by Bryuno [H], has been studied recently in several small divisor problems arising in dynamical 
systems [32l [331 [Ml [IS [Ml |l9j . With respect to |19J, we consider here also non-Hamiltonian systems: 
what is required on the unperturbed system is a non-degeneracy condition on the frequency map of 
the periodic solutions (anisochrony condition). In the Hamiltonian case, such a condition becomes 
a convexity condition on the unperturbed Hamiltonian function, analogously to Cheng's paper |15j . 
where the fate of resonant tori is studied. In the Hamiltonian case, the main difference with respect 
to [15] - and what prevents us from simply relying on that result - is that we consider isochronous 
perturbations (while in [15j the unperturbed Hamiltonian is convex in all action variables) and assume 
a weaker Diophantine condition on the frequency vector of the perturbation (the Bryuno condition 
instead of the standard one). Furthermore, as we said, our method covers also the non-Hamiltonian 
case, where Cheng's approach, based on a sequence of canonical transformations d la KAM, does 
not apply. In the Hamiltonian case, we do not require any further assumption on the perturbation 
(besides analyticity) , as in [15]. In the non-Hamiltonian case we shall make some further assumptions. 
More precisely we shall require that some zeroes of odd order appear at some level of perturbation 
theory and a suitable positiveness condition holds; see Section [Tj- in particular Hypotheses [3] and [H 
- for a more formal statement. 
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Of course, one could also investigate what happens if the non-degeneracy condition on the un- 
perturbed system is completely removed too. However, this would be a somewhat different problem 
and very likely a non-degeneracy condition could become necessary for the perturbation. Not even 
in the KAM theory for maximal tori, the fully degenerate case (no assumption on the unperturbed 
integrable system and no assumption on the perturbation, besides analyticity) has ever been treated 
in the literature - as far as we know. 

The paper is organised as follows. We consider systems of the form (jl.ip and assume that for 
£ = there is a family of periodic solutions satisfying the same hypotheses as in the case of periodic 
forcing. In fact the analysis we will be interested in will be essentially local, so we can allow a more 
general setting and assume that, in suitable coordinates {(i,B) € T x *B, with !B an open subset of 
R, the unperturbed system reads 



with ujQ analytic and ds^jJoiB) ^ (anisochrony condition). As a particular case we can consider that 
[B, (3) are canonical coordinates (action-angle coordinates), but the formulation we are giving here is 
more general and applies also to non-Hamiltonian unperturbed systems; see also [5l[35]. Then we add 
to the vector field a small analytic quasi-periodic forcing term with frequency vector u = (wi, . . . , ujd) 
which satisfy some weak Diophantine condition (Bryuno condition) and concentrate on a periodic 
solution of the unperturbed system which is resonant with a;, that is a solution with B = Bq such 
that oj (B 0)1^0 + ujivi + . . .+ijj(iV(i = for suitable integers vq^vi, . . . ,Vd- In Section[2]we state formally 
our two main results on the persistence of such a solution: Theorem 12.21 takes into account the case 
in which the system is not assumed to be Hamiltonian and a zero of odd order appears at some order 
of perturbation theory, while Theorem 12.31 deals with the case in which the system is Hamiltonian 
and no further assumption is made on the perturbation. In Sections [3H5] we shall prove Theorem 12. 2i 
As we shall see, the quasi-periodic solution will be only continuous in the perturbation parameter. 
In fact, in contrast to the case of periodic perturbations, in general the quasi-periodic solution is 
not expected to be analytic in e nor in some fractional power of e; already in the non-degenerate 
anisochronous Hamiltonian case the solution has been proved only to be C°° smooth in e |26] and 
analyticity is very unlikely. In Section [6] we shall prove Theorem 12.31 we shall see that either (a) one 
is able to reduce the analysis to Theorem 12.21 or (b) suitable "cancellations" occur to all orders in the 
perturbation series formally defining the solution. In particular we shall see how the Hamiltonian 
structure of the equations of motion is fundamental in order to prove such cancellations. In turn 
this will imply, in case (b), the convergence of the perturbation series and hence the existence of a 
solution which is analytic in the perturbation parameter: we stress since now that this is a highly 
non-generic - and hence very unlikely - possibility. The cancellation mechanism turns out to be quite 
similar to the one performed in pOj, where Moser's modifying terms theorem |46j is proved by using 
Cartesian coordinates instead of action-angle coordinates. It would be interesting to understand the 
deep reason of such a similarity. 

2 Results 

Let us consider the system 





l3 = i^Q{B)+eF{ut,f3,B) 
B = eG{ut,f],B), 



(2.1) 
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where (/3, S) G T x 03, with 05 an open subset of R, F, G : T'^+'^ x » ^ K, and wq : © K, are real 
analytic functions, u G R'* and e is a real parameter called the perturbation parameter; hence the 
perturbation (F, G) is quasi-periodic in t with frequency vector to. Without loss of generality we can 
assume that u has rationally independent components. 

Denote by • the standard scalar product in R'^, i.e. x ■ y = xiyi + . . . + x^Vd foi" ^ IK-'^; 
and set \x\ := ||a;||i = + . . . + {xdl- If / : R" — )• R, n > 1, is a differentiable function, we shall 
denote (when no ambiguity arises) by djf the derivative of / with respect to the j-th argument, i.e. 
djf{xi, . . . , Xn) = dxjf{xi, . . . , Xn); if n = 1 we shall write also f'{xi) = dif{xi) = df{xi). Finally, 
for any finite set S we denote by IS"! its cardinality. 

Take the solution for the unperturbed system given by {/3{t), B{t)) = (/3o + ^^oiBo)t, Bq), with 
Bq such that loo{Bq) is resonant with u, i.e. such that there exists {vq^v) G Z'^"'"^ for which 
Wo (-Bo) 1^0 + • I? = 0. We want to study whether for some value of /3o, that is for a suitable choice 
of the initial phase, such a solution can be continued under perturbation. 

The resonance condition between a;o(-Bo) and u yields a "simple resonance" (or resonance of 
order 1) for the vector {ujq{Bq),u). The main assumptions on (j2.ip are a Diophantine condition on 
the frequency vector of the perturbation and a non-degeneracy condition on the unperturbed system. 
More precisely we shall require that the vector {ujq{Bq),u) satisfies the condition 

™f \ujo{Bq)uq + u ■ u'\\ < oo (2.2) 
^2" V (^o,^)GZ<*+i J 

and that uj'q{Bq) ^ 0. Note that the condition (j2.2p is weaker than requiring that the vector 
(a;o(-Bo)) <^) satisfies the standard Diophantine condition \ujq{Bq)uq + u ■ u\ > 7(11^01 + I^'I)^^ for 
suitable positive constants 7, r and all (fo,i') non-parallel to (z/q,!^). 

Up to a linear change of coordinates, we can (and shall) assume u}q{Bq) = 0, so that the vector 17, 
such that u}q{Bq)T'q + u ■'P = 0, must be the null vector. Therefore it is not restrictive to formulate 
the assumptions on Bq and u as follows. 

Hypothesis 1. uj{Bq) = and u satisfies the Bryuno condition B{u) < 00, where 

= 2^4log7-77TT' «n(^)= l^-^l- (2-3) 



n>0 



2« ^an{L^)' ' 

0<|i/|<2" 



Hypothesis 2. a;o(^o) / 0. 
Let us write 

F(^, /3, S) = J] e- '^F,(/3, B), G(^, /?, i?) = e--^G,(/3, B), (2.4) 



and note that, as F and G are real- valued functions, one has 

F_,(/3,i?) = F,(/3,i?)*, G_,(/3,i?) = G,(/3,B)*. (2.5) 

Here and henceforth * denotes complex conjugation. By analogy with the periodic case, Go{(3,Bq) 
will be called the (first order) Melnikov function. 
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Hypothesis 3. /Jq is a zero of order n for Go(/3o, Bq), with n odd, and £ujq{Bo) da Go{/3q, Bq) > 0. 



We look for a quasi-periodic solution to (j2.ip with frequency vector u, that is a solution of the 
form (/3(t), B{t)) = {po + b{t), Bo + B{t)), with 

b{t) = e'""*?^,, = e^'-'^'B^, (2.6) 



where = Z'^ \ {0}. Note that the existence of a quasi-periodic solution with frequency u in 
the variables in which u}q{Bq) = implies the existence of a quasi-periodic solution with frequency 
resonant with cj in terms of the original variables (that is, before performing the change of variables 
leading to ujo{Bq) = 0). 

If we set <^{t) := uo{B{t)) + eF{u:t, (3(1), B{t)) and T{t) = eG{u:t, P{t),B{t)) and write 

$(t) = Y e'^'^^^u, r(t) = Y e'^'^^^r^, (2.7) 
in Fourier space (|2.ip becomes 

{iu ■ u)ht, = ^u, / 0, (2.8a) 

{iuj ■ u)B^ = r^, 0, (2.8b) 

^0 = 0, (2.8c) 

To = 0. (2.8d) 

According to the usual terminology, we shall call (|2.8ap and (I2.8bp the range equations^ while 
p.8cp and (I2.8dp will be referred to as the bifurcation equations. 
Our first result will be the following. 

Theorem 2.1. Consider the system (2. 1\} and assume HypothesesUllM andlMto be satisfied. Then 
fore small enough there exists at least one quasi-periodic solution {l3{t),B{t)) with frequency vector 
u such that {l3{t),B{t)) (^o,Bo) for e ^ 0. 

Actually we shall prove a more general result which can be stated as follows. We look for a formal 
solution {/3{t),B{t)), with 

/3(t) = /3(t;e,/3o) = /3o + E^'^^'^(*;/5o)=/3o + J]e' Y e'""*fti'^(/3o), 
B{t) = B{t;e,f3o) = Bo + Y^'B^''Ht;l3o) = Bo + Y^' E e^""*^i''^(/?o), 

fe>l k>l u&<i 

and set U{t) := uJo{B{t)) - J^^(BQ){B{t) - Bq) and 0(t) = Uit) + £F{ut, f3{t), B{t)). Then define 
recursively for k > 1 



B^^\Po) = -^T^^\p,), v^O (2.10) 

(/3o) = -^7^#(/3o), 
wo(^o) 
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where rlf^/^o) = /3(t), and (pi^\f3o) = [F{ut, m, Bmi^~'\ with 

u!.^\(3o) = 0, so that T^u\^o) = G^(/3o,^o) and <^L^Vo) = FM,Bo), while, for A; > 2, 

[U{t)P = J2l^,dh^^(^o) E ri^^''^(/?o), (2.11) 

s>2 ' ui+...+i's=i' ki + ...+ks=k,i=l 

iViGZ'*,«=l,...,s ki>l 



and 

[P(u;t,/3(t),i3(t))]r'^ = E E E iy^PI^-o(/3o,:Bo) x 

s>lp+g=s !/()+■ ■ +1/3=1/ 

I/O.I/jGZ'* j=p+l,...,s 



(2.12) 



X E Il^-:Hl3o) n ^-''^(/3o), P = F,G. 

ki+...+ks=k—l, i=l i=p+l 
k,>l 

The series ()2.9p . with the coefficients defined as above and arbitrary /3q, turn out to be a formal 
solution of (HSiD-dlSg): the coefficients bi^\/3o), B^^\/3o) and Bi^\^o) are weh defined for ah A; > 1 
and all u € Z^, by Hypothesis [H and solve (|2.8ap - (j2.8cp order by order - as it is straightforward to 
check (for instance by using the formalism introduced below in Section [3|) -; moreover the functions 
6('^)(i;/3o) and B^^\t; Po) are analytic and quasi-periodic in t with frequency vector u. 

(k) 

Assume that there exists /cq ^ IN such that all functions Fq (/Sq) are identically zero for < A: < 
fco — 1; then we can solve the equation of motion up to order — 1 without fixing the parameter /3o 
and moreover T^°^ is a well-defined function of /3o. 

Hypothesis 4. There exist A;o € M and /3q such that Fq (/3o) vanish identically for k < ko and I3q 
is a zero of order n for rQ^°-'(/3o), with n odd. Moreover one has e^'^uj'Q{BQ)d^^T^Q°\l3Q) > 0. 

We shall prove the following result. 

Theorem 2.2. Consider the system h2. 1\) and assume Hypotheses\^\^ and^to he satisfied. Then 
for e small enough there exists at least one quasi-periodic solution {(3{t),B{t)) with frequency vector 
u such that {l3{t),B{t)) Wo,Bo) for e ->0. 

Note that Hypothesis H] reduces to Hypothesis [3] if A:o = 1. Therefore it will be enough to prove 
Theorem 12.21 The proof will be organised as follows. Besides the system (12. 8p we shall consider first 
the system described by the range equations 

[icj ■ v)h^ = 0, (2.13a) 

{iu ■ u)B„ = r^, 1/ / 0, (2.13b) 



i.e. with no condition for 1^ = 0. In Sections [3] and H] we shall prove that, if some further conditions 
(to be specified later on) are found to be satisfied, it is possible to find, for e small enough and 
arbitrary /Sq^Bq, a solution 

{(3o + b{t),Bo + B{t)), (2.14) 

to the system (I2.13j) . with b{t) and B{t) as in (12. 6p depending on the free parameters e, /3o,-Bo; such 
a solution is obtained via a 'resummation procedure', starting from the formal solution of the range 
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equations (j2.13p . The conditions mentioned above can be illustrated as follows. The resummation 
procedure turns out to be well-defined if the small divisors of the resummed series can be bounded 
proportionally to the square of the small divisors of the formal series. However, it is not obvious at 
all that this is possible, since the latter are of the form (iu-u)^^ with v € Z^, while the small divisors 
of the resummed series are of the form (det((ia; • v)! — M^^^uj ■ u; e, Pq, Bq)))~^ , for suitable 2x2 
matrices A4 1"! (see Section [3]) . The bound on the small divisors of the resummed series is difficult 
to check without assuming any non-degeneracy condition on the perturbation. Therefore we replace 
M^"'\x;e,(3o,Bo) with A^M(a;; e, /3o, So)Cn(det(A^M(0; e, /3o, Sq))), for suitable 'cut-off functions' 
in such a way that the bound automatically holds. The introduction of the cut-offs changes the 
series in such a way that if on the one hand the modified series are well-defined, on the other hand 
in principle they no longer solve the range equations: this turns out to be the case only if one can 
prove that the cut-offs can be removed. So, the last part of the proof consists in showing that, by 
suitably choosing the parameters Pq^Bq as continuous functions of e, this occurs and moreover, for 
the same choice of Pq^Bq, the bifurcation equations (I2.8cp and (I2.8d|) hold; hence for such (Sq, Bq, the 
function (j2.14p is a solution of the whole system ()2.ip . Once Theorem 12.21 is proved. Theorem 12.11 
will immediately follow taking kg = 1. 

Next we shall see that if the system is Hamiltonian one can prove the same result as in Theorem 
12.21 with the only assumptions in Hypotheses [T] and [21 More precisely, consider the Hamiltonian 
function 



where {a,/3) G T'^+^ and {A,B) G x 5S, with *B an open subset of R, are canonically conjugate 
(action-angle) variables and / : T'^'^-'^ x *B — ?> IR and /iq : ^ — > H are real analytic functions. Set 
uJo{B) = dBho{B). Then the corresponding Hamilton equations for the variables {f3,B) are given by 



We shall prove in Section [6] the following result. 

Theorem 2.3. Consider the system ^2.16\) and assume Hypotheses\^and\^to he satisfied. Then for 
£ small enough there exists at least one quasi-periodic solution {P{t), B{t)) with frequency vector u. 
Such a solution depends continuously on e. 

Note that Hypothesis [2] is tantamount to requiring ho to be convex. Quasi-periodic solutions to 
(j2.16p with frequency vector u describe lower-dimensional tori (d-dimensional tori for a system with 
d+1 degrees of freedom). Such tori are parabolic in the sense that the "normal frequency" vanishes 
for £ = 0. Theorem 12.31 can be seen as the counterpart of Cheng's result [15] in the case in which 
all "proper frequencies" are fixed (isochronous case) and the perturbation does not depend on the 
actions conjugated to the "fast angles" (otherwise one should add a correction like in |46j); moreover, 
with respect to [15], a weaker Diophantine condition is assumed on the proper frequencies. 



H{a, p,A,B):=u;-A + ho{B) + ef{a, /3, B) 



(2.15) 



fi = u:o{B) + edBf{u:t,p,B) 
B = -ed^f{ut,P,B). 



(2.16) 
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3 Diagrammatic rules 



Let us consider the range equations (|2.13p and start by looking for a quasi-periodic solution which 
can be formally written as 

f]{t;e,/3o,Bo) = f3o + Y.e''b^''Ht;Po,Bo) = (3o + Y,^' E ^"^"'b^'Hf^o, Bo), 

k>l k>l u<^'E<i 

B{t;e,f^o,Bo) = Bo + Y,^'B^'Ht;/3o,Bo) = Bo + Y,^' E ^''^"'B^'^H/So, Bo), ^^'^^ 

k>l k>l uezi 



where a different notation for the Taylor coefficients has been used with respect to (I2.9P to stress 
that now we are considering Bo = Bq as a parameter. If we define recurively for k > 1 and G 

bi''\f3o,Bo) := #(/3o,So), Bi''\^o,Bo) := Ti''\(3o, Bo), 

where we have set 

s 



'^i''\^o,Bo):=Y^dBu;oiBo) ^ E flBl-'Hf^o, Bo 

s>l ' i'i+...+i's=i' ki+...+ks=ki=l 



+ E E ^5pB^«^o(/?o,i?o)E flbi''\f3o,Bo)ll Bi':^\Po,Bo 

s>l UQ+...+Us=u ki+...+ka=k-li=l i=p+l 



r«(/3o,i?o):=E E -^;^pdlG^.iP^,Bo)Y, H &i'-'^(/3o, i^o)]! 4^^(/3o, i?o), 

s>l h'o+...+Vs=f kx+...+ks=k-li=l i=p+l 

P+q=Suo£'Z'^,Ui&'Ei fc,>l 

for all /c > 1 and all i/ G Z'^, then ()3.1I) turns out to be a formal solution to the range equations ()2.13p . 
Note that we can see the formal expansion (j2.9p as obtained from (jS.ip by solving the bifurcation 
equation (I2.8cp and further expanding Bo = Bo{e). 

One could easily prove that (j3.ip is formally well defined, that is that the coefficients /3o, Bo) 

and B^^\t; f3o, Bq) are well defined to all orders A; > 1; for instance one could adapt the forthcoming 
diagrammatic formalism (which would rather simplify with respect to the discussion below). Unfor- 
tunately the power series may not be convergent - as far as we know so we have to look for a 
different approach: we shall see how to construct a series, convergent if (3o,Bo are suitably chosen, 
whose formal expansion coincides with ()2.9p . To this aim we shall introduce a convenient graphical 
representation for the coefficients of such a series. We start by introducing some notations. 

A graph is a set of points and lines connecting them. A tree is a connected graph with no cycle, 
such that all the lines are oriented toward a unique point {root) which has only one incident line 
{root line). All the points in a tree except the root are called nodes. The orientation of the lines in 
a tree induces a partial ordering relation {-<) between the nodes and the lines: we can imagine that 
each line carries an arrow pointing toward the root. Given two nodes v and w, we shall write w ~< v 
every time v is along the path (of lines) which connects w to the root. When drawing a tree, we shall 
put the root to the extreme left so that all the lines (and the corresponding arrows) will be directed 
from right to left; see Figure [3Tl 



10 



Figure 3.1: A tree with 14 nodes. 



We denote by N{9) and L{9) the sets of nodes and lines in 9 respectively. Since a line £ G L{9) is 
uniquely identified by the node v which it leaves, we may write i = iy. We write iy^ ~< if w ~< v and 
w ^ i = iv if w :< v; il i and i' are two distinct comparable lines, i.e. i' -< i, we denote by V{i, I') 
the (unique) path of lines connecting I' to with i and I' not included (in particular V{£,£') = if 
£' enters the node £ exits). 

Given a tree 9 we associate labels with the nodes and the lines of 9, as follows. 

With each node v G N{9) we associate a mode label Uy G Z*^, a component label hy G {/3,B} 
and an order label ky G {0, 1} with the constraint that ky = 1 ii hy = B or Vy 0. With each line 
£ = £y we associate a pair of component labels {ee,ue) G {/3,i?}^, with the constraint that = hy, 
and a momentum vi G Z^, except for the root line which can have either zero momentum or not, i.e. 
i/^g G Z*^. For any line ^, we call ei and ug the e- component and the u- component of £, respectively 

We denote by py and g'^ the numbers of lines with e-component /3 and B, respectively, entering 
the node v and set Sy = py + Qy. If fe^ = for some v G N{9) we force also Py = and Qy > 1. 

We impose the conservation law 

vi = ^Vy (3.2) 

and we call order of the number 

k{9) = ^ fe^. (3.3) 

Finally, we associate with each line £ also a scale label ng such that = — 1 if = 0, while 

G !Z+ if i/f 7^ 0. Note that one can have ng = —1 only if £ is the root line of 9. 

In the following we shall call simply trees the trees with labels and we shall use the term unlabelled 
tree for the trees without labels. 

We shall say that two trees are equivalent if they can be transformed into each other by contin- 
uously deforming the lines in such a way that these do not cross each other and also labels match. 
This provides an equivalence relation on the set of the trees. From now on we shall call trees tout 
court such equivalence classes. 

A subset T C 9 will be called a subgraph of 6 if it is formed by a set of nodes N(T) C N{9) and 
a set of of lines L{T) C L{9) connecting them (possibly including the root line of 9) in such a way 
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that N{T) U L{T) is connected. We call order of T the number 



kiT)= K. (3.4) 

v£N{T) 

We say that a line enters T if it connects a node v ^ N{T) to a node ti; E N(T) and we say that a 
line exits T if it connects a node f € N(T) to a node i« ^ N(T). Of course, if a line £ enters or exits 
T, then £ ^ L(T). If is a labelled tree and T a subgraph of 0, then T inherits the labels of 9. 

A cluster T on scale n is a maximal subgraph of a tree 9 such that all the lines have scales n' < n 
and there is at least one line with scale n. The lines entering the cluster T and the line coming out 
from it (unique if existing at all) are called the external lines of T. An example of clusters is in 
Figure EH 




Figure 3.2: Example of clusters: (a) a tree 9 is represented with (only) the scale labels associated with its 
lines; (b) the clusters in 0, corresponding to the same assignment of scale labels, are drawn. 

A self-energy cluster is a cluster T such that (i) T has only one entering line £'rp and one exiting 
line £t, (ii) one has vi^, = v>£/^ and hence 

'^v = 0. (3.5) 

v&N{T) 

Self-energy clusters will be represented graphically as in Figure [3^31 Examples of low order self-energy 
clusters are given in Figure [331 




Figure 3.3: Graphical representation of the self-energy clusters T on scale n; by construction ni,n2 > n + 1 
and Ufrp = v^'^. Note that neither iip (the entering line) nor ix (the exiting line) belong to L{T). 

For any self-energy cluster T, set Vt = V{£t,£'x)- More generally, if T is a subgraph of 9 with 
only one entering line £' and one exiting line £, we set Vt = V {£,£'). We shall say that a self-energy 
cluster T is on scale —1, if NiT) = {v} (with of course = 0), so that Vt = 0- If a self-energy 
cluster is on a scale n > then |iV(r)| > 2 and k{T) > 1, as is easy to check. 
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Figure 3.4: Self-energy clusters T with their external lines It (exiting line) and I'rp (entering line) , for \N{T) \ — 1 
(case (a)) and \N{T)\ — 2 (cases (b) and (c)), Note that in case (a) one has either k{T) = or fc(T) — 1, 
while in cases (b) and (c) one has either k{T) = 1 or k{T) = 2; in all cases, when k{T) < |7V(r)|, one node 
V G N{T) has kv — 0. The scale of T is n = — 1 in case (a) and can be any n G in cases (b) and (c). 

Remark 3.1. Given a self-energy cluster T, the momenta of the lines in Vt depend on i^^^ because 
of the conservation law (13. 2p . More precisely, for all £ G Vt one has = i^^ + v^i^ with 

^° = X] 

w&N{T) 

while all the other momenta in T do not depend on v^i^. 

We shall say that two self-energy clusters Ti , T2 have the same structure if setting v^i = v^i =0 
one has Ti = T2. This provides an equivalence relation on the set of all self-energy clusters. From 
now on we shall call self-energy clusters tout court such equivalence classes. 

A renormalised tree is a tree in which no self-energy clusters appear; analogously a renormalised 
subgraph is a subgraph of a tree 9 which does not contains any self-energy cluster. Note that if T is 
a renormalised self-energy cluster and N{T) > 2 then k{T) > 2. 

Given a tree we call total momentum of the momentum associated with and total component 
of 9 the e-component of £0. We denote by Q^^^ the set of renormalised trees with order k, total 
momentum v and total component h; the set of renormalised self-energy clusters T on scale n such 
that ucj, = u and e^/^ = e will be denoted by d\n,u,e- 

Lemma 3.2. Let T be a subgraph of any tree 9. Then one has |A^(T)| < 3k{T) — 1. 

Proof. We shall prove the result by induction on k = k(T). For k = 1 the bound is trivially satisfied 
as a direct check shows. Assume then the bound to hold for all k' < k. Call v the node which It 
(possibly £0) exits, £1, . . . ,£s^ the lines entering v and Ti, . . . ,Ts^ the subgraphs of T with exiting 
lines £1, . . . ,£s^- If /c« = 1 then by the inductive hypothesis one has 

\N{T)\ = l + Yl < 1 + 3(fc - 1) - 

1=1 

If fct, = one has Sy = qy > 2 and hence 

qv 

\N{T)\ = 1 + X \N{Ti)\ <l + 3k-qy. 
i=l 

SO that in both cases the bound follows. H 
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Remark 3.3. For any subgraph T, one has 

Sy<\L{T)\ + l<\NiT)\ + l<3kiT). 

v£N{T) 

In particular X^^,gjv(e) ^ 3k{9). 

For any G ^ we associate with each node v G N{9) a node factor 



= J^vif^o, Bo) := < 



In..' 



hy (3,ky 0, 



(3.6) 



Pv 

-^d^,^d%^G^^X^o,Bo), h, = B,K = 1. 

With each line ^ = £^ we associate a propagator • uf, e, /3o, Bq) defined recursively as follows. 

Let us introduce the sequences {m„,p„}„>o, with ttiq = and, for all n > 0, run+i = + 
Pn + 1, where p„ := max{q G Z+ : am„(<^) < 2am„+g(cj)}. Then the subsequence {am„(cu)}n>o 
of {am('^)}m>o is decreasing. Let x ^ 1^ ~^ be a C°° function, non-increasing for x > and 
non-decreasing for x < 0, such that 



1, |xi < 1/2, 
0, |x| > 1. 



(3.7) 



Set X-i{x) = 1 and Xn(2;) = xCSa^/o^mn (<^)) for n > 0. Set also V'(a^) = 1 — xi^)^ ipnix) 
V'(8x/am„(^^)), and ^'„(x) = Xn-i(a;)V'n(2;), for n > 0; see Figure [331 




16 16 8 16 

Figure 3.5: Graphs of some of the C°° functions ^„(a;) partitioning the unity in E, \ {0}; here a„i = am{u)). 
The function Xoi^) = xi^^/^^o) is given by the sum of all functions ^^(a;) for n > 1. 



Lemma 3.4. For all x ^ and for all p > one has 



%{x) + ^n{x) = 1. 

n>p+l 
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Proof. For fixed x ^ let = N(x) := min{n : Xn{x) = 0} and note that max{n : ipnix) = 0} < 
A^- 1. Then if p < N - 1 

ipp{x) + ^ = TpN-iix) + XN-i{x) = 1, 

n>p+l 



M^) + ^n(^) = Mx) = 1- 

n>p+l 



e, /3o, ^o) ^^^'^(x; e, /3o, i?o)/ 



while if p > N one has 

Then for n > we set formally 

^["l(^;e,/3o,i?o) = 

:= ^n{x) ((ix)l - (x; e, /3o, ^o) 

where (here and henceforth) 1 is the 2x2 identity matrix and 

n-l 

A^["-i](x;e,/3o,i?o) := X,(x)mW(x; /3o, i?o), 

g=-l 

where, for n > —1, M["'](x; e, /3o, -Bq) is the 2x2 matrix 



MW(x;e,/3o,i?o) := 



with formally 

MN(x;e,^o,i?o) := J] e^'(^) rT(x; 6, /3o, i?o), 

'^€^n,i[ ,e 

and 1^t(x; e, /3o, -Bq) is the renormalised value of T, defined as 



rT(x;e,/3o,5o) := 



n -^Of n ^i:,i(^-^^;^,/3o,i?o)). 

?)GAf{T) / \^GL{T) / 



(3.8) 



(3.9) 



(3.10) 



(3.11) 



(3.12) 



Here and henceforth, the sums and the products over empty sets have to be considered as zero 
and 1, respectively. Note that depends on e - because the propagators do moreover it depends 
on X = cj • V£i^ only through the propagators associated with the lines i € Vt (see Remark 13. ip . 

Set M := {A^["](x;e,/3o,-Bo)}ra>-i- We call self-energies the matrices A^["l(x; e, /3o, -Bo)- 
Remark 3.5. One has 

a,gW(x;e,/3o,So) = (^Q^'^^x; e, (3o, Bo)dM''-'\x; e, (]o, Bo) ((ix)l - A^["-il(x; e, /3o, i?o)^ 
for both c = I3q, Bq. 
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Setting also ^^0; e , (Sq , Bq) = 1, for any subgraph S of any 6 G Q^^, ^ define the renormalised 
value of 5 as 

'r{S;e,(3o,Bo):=( J] -^H ( 11 Gt^A^ ■ l3o, Bo)] . (3.13) 



ueN(S) / VeL(5) 

We define 



6L^l(e,/3o,So) := ^(0; /3o, ^o), Bl^\e, /3o,Bo) := J2 ^i^'^^, (^o,Bo), (3.14) 



for any v ^ 0, and 



$fl(e,/3o,i?o) := Yl ^(^; /?o, ^o), rf '(e, /3o, So) := J] r(0; e, /3o, i?o). (3.15) 
Set (again formahy) 



k>i ue'Zi 

5^(t;e,/3o,i?o) :=E^' E e''^-'^*i?i"(e, /3o, i?o), 

and 



(3.16) 



$?(e;/3o,i?o) := J]e'=$f^(e, /3o, i^o), rj(e; /3o, i?o) := e^rf^(e, /3o, i^o), (3.17) 

k>0 k>0 



and define P'^{t; e, /3o, Sq) = /3o + ^^(t; e, /3o, ^o) and 5^(t; e, /3o, ^o) = + 5^(t; e, /3o, Sq). Set 
also Qf'^j^ = {9e ef^^i^ ■.ni<n for ah i G L{9)} and define 

$^'"(e;/3o,i?o):= J^e'^ J] ^(0; /3o, Sq), 

(3.18) 

rJ'"(e;/3o,So):=5]e' E /?o, i?o). 

Remark 3.6. One has 

/ edp, Fo iPo ,Bo) u;'q{Bo) + eSb, Fq {Po , Bq ) 
\edf3oGo{Po,Bo) edBoGo{Po, Bq) 



M^-'\x; e, /3o, So) = M^'^^x; e, /3o, ^o) 



where ljq{Bq) / for Bq close enough to -Bq by Hypothesis [21 In particular Ai^ ^1 (x; e, /3o, -Bq) does 
not depend on x and is a real- valued matrix. 

Remark 3.7. If T is a renormalised self-energy cluster, then ^{T; e, /Sq, Bq) = yT{<^-i^i'^',£, l^o, Bq). 



16 



Remark 3.8. Given a renormalised tree 9 such that 1^(0; e, /3o, -Bq) 7^ 0, for any line i G L{6) 
(except possibly the root line) one has '^mi'^ • i^e) 7^ and hence 



am„,(cc') Q„ (^) 

:^ <\uj-uA< ^ , (3.19) 

16 ' ' 8 ^ ^ 

where am^ii^^) has to be interpreted as +oo. Note also that "^mi^ ■ t^e) 7^ implies 
\uj ■ ue\ < ^a„„^_^(u;) < ^am„^_i+p„^_i (t^) = ^a„„^_i(cj) < a^„^_i(u;) 

and hence, by definition of am{^), one has \u£\ > 2™"'?"^. Moreover, by the definition of 
{am„{i^)}n>o, the number of scales which can be associated with a line i in such a way that the 
propagator does not vanishes is at most 2. The same considerations apply to any subgraph of 9 and 
to any renormalised self-energy cluster. 

For any renormalised subgraph S of any tree 9 we denote by ^niS) the number of lines on scale 
> n in 5 and set 

K{S):= \u,\. 

veN{S) 

Lemma 3.9. For any h G {f3,B}, V £ Z'^, k >1 and for any 9 G that r (6^; e, /3o, -Bo) 

/ 0, one has ai„(6') < 2-^'^"-'^'> K{9) for all n > 0. 

Proof First of all we note that if 91n(^) ^ 1, then there is at least one line £ with ne = n and hence 
K{9) >\i^i\> 2™"-i (see RemarkgiH]). Now we prove the bound ^n{0) < max{2-("^"-'^^ K{9) - 1, 0} 
by induction on the order. 

If the root line of 9 has scale ni^ < n then the bound follows by the inductive hypothesis. If 
nig > n, call ii, . . . ,ir the lines with scale > n closest to ig (that is such that n^' < n for all lines 
e G V{ieAi), i = 1, . . . ,r). If r = then 01^(6') = 1 and \v\ > 2™"-\ so that the bound follows. If 
r > 2 the bound follows once more by the inductive hypothesis. If r = 1, then ii is the only entering 
line of a cluster T which is not a renormalised self-energy cluster as ^ G Q]^^ ^ and hence i^^^ ^ u. 
But then 

\UJ-{U- Ue^)\ < \UJ ■ v\ + \U ■ Ue^ \ < ^am„_,{u) < am„_i+p„_i(w) = Qm„-l(^), 

as both £g and £i are on scale > n, so that one has K{T) > \u — iv^J > 2"^"~^. Now, call 9i the 
subtree of 9 with root line h. Then one has 91„(6') = 1 + 0T„(6'i) < 1 + max{2-("""-2)K(6'i) - 1,0}, 
so that mn{9) < 2-('^"-2)(i^(0) - K{T)) < 2-^"""-^^ K{9) - 1, again by induction. ■ 

Lemma 3.10. For any e,u € {f3,B}, n > and for any T G 9^n,u,e such that Yt{x'-,£, I^q, Bq) ^ 0, 
one has K{T) > 2"""-! and ^p{T) < 2-^"'p~'^^ K{T) forO<p< n. 

Proof We first prove that for ah n > and all T G yin,u,e, one has K{T) > 2""-^ In fact if 
T G yin,u,e then T contains at least a line on scale n. If there is £ G L(T) \ Vt with n£ = n, 
then K{T) > \v(\ > 2™"~^ (see Remark 13. 8p . Otherwise, let £ G Vt be the line on scale n which 
is closest to £'rp. Call T the subgraph (actually the cluster) consisting of all lines and nodes of T 
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preceding i. Then vn ^ i/^^, otherwise T would be a renormahsed self-energy cluster. Therefore 
K{T) > \ui - ug'^l > 2™"~^ as both £,i'rp are on scale > n. 

Given a tree 9, call C{n,p) the set of renormahsed subgraphs T of with only one entering 
line i'q. and one exiting line It both on scale > p, such that L{T) ^ and < n for any I G 
L{T). Note that '0\n,u,e C C{n,p) for all > and u,e £ {/3o,-Bo}- We prove that ^p(T) < 
max{i^(T)2~('"p~^) — 1,0} for < p < n and all T € C{n,p). The proof is by induction on the 
order. Call N[Vt) the set of nodes in T connected by lines in Vt- If all lines in Vt are on scale < p, 
then 9Ip(T) = ^p{6i) + . . . + '^p{6r) if 6i, . . . ,6r are the subtrees with root line entering a node in 
N{Vt) and hence the bound follows from (the proof of) Lemma l3.9i If there exists a line ^ € Vt 
on scale > p, call Ti and T2 the subgraphs of T such that L{T) = {£} U L{Ti) U L(T2). Note that if 
L(Ti),L(T2) 7^ 0, then Ti,T2 G C{n,p). Hence, by the inductive hypothesis one has 



fHp(r) = 1 + aip(ri) + mp{T2) < l + max{2 



K(ri) - 1,0} + max{2 



-(mp-2) 



K{T2)-1,0}. 



If both D'Ip(Ti), 9Tp(T2) are zero the bound follows as K{T) > 2™p-\ while if both are non-zero one 
has mp{T) < 2-("'p-'^\K{Ti) + K{T2)) - 1 = 2-'-"''^-'^^ K{T) - 1. Finally if only one is zero, say 
atp(Ti) / and mp{T2) = 0, then %,{T) < 2-(™p-2)K(ri) = 2-^""^-^^ K{T) - 2'^'^^-'^^ K{T2). On 
the other hand, in such a case T2 is a cluster and hence 7^ 1^1'^, which implies K{T2) > 2"^p~^. 
The same argument can be used in the case 9Tp(Ti) = and ^p(T2) 7^ 0. ■ 



Remark 3.11. Inequality ()3.19p has been repeatedly used in the proof of Lemmas 13.91 and 13. 101 In 

fact the proof works - as one can easily check - under the weaker condition that 



Or 



32 



< \uj ■ i/e\ < 



(3.20) 



as long as ^^i^ ' 7^ ^- This observation will be used later on (see Lemma 14.61 below) . 

4 Convergence of the resummed series: dimensional bounds 



Now we shall prove that, under the assumption that the propagators Ge^u{^ • e, /3o,Bq) are bounded 
proportionally to l/(a; • i^)^, the series (|3.16|) converge and solve the range equations (|2.13|) . Then, 
in the next section, we shall see that the assumption is justified at least along a curve (/3o(e), -Bo(e)) 
satisfying also the bifurcation equations (|2.8c|) and ()2.8dp . We shall not write the dependence on 
£,I3o,Bq unless needed. 

Definition 4.1. We shall say that Ai satisfies property 1 if one has 

^n+i{x) |det ((ix)l - AlM(x)) I > ^'„+i(x)xV2, 

for all n > —1. 

Definition 4.2. We shall say that Ai satisfies property 1-p if one has 



^n+iix) det ({ix)l - M^'^Hx] 



n+l 



[x)x'^/2. 



for —1 < n < p. 
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Lemma 4.3. Assume Ai to satisfy property 1-p. Then, for < n < p and e small enough, the 
self- energies are well defined and one has 

|MN(x)|<|e|Kie-^^2-, (4.1a) 
|9^mN(^)| < \,\c^^-c,2-^^ ^ ^ 1^2, (4.1b) 

for some constants Ki,K2,Ci,C2,Ci and C2- 

Proof. We shall prove first (j4.1ap by induction on n. Let n < p and T £ ^n,u,e- The analyticity of 
F,G and ujq implies that there exist positive constants -Fi,i<2,C such that for all v G N{T) one has 

\^v\ < FiF2'"e-«l''"l. 

Note that 

H e-i«l'^"l=exp(-i^i^(r)) <exp(-ie2'""), 

veN{T) 

by Lemma 13.101 Moreover by property 1-p and the inductive hypothesis, one has (for instance) 



2 



n'-l] 



g^'j{x)\<-^(\ix\ + \M^;;^^'^{x)\)^^,{x) 



< — (|x| + Pi + \efKi e-^'^^'^'^^n'ix) < 7oa^„,(^)" 

^ 9=0 



■2 



for all < n' < n and for a suitable constant 70, where we used that any renormalised self-energy 
cluster T on scale > has at least two nodes and hence k{T) > 2 and that there exists Pi > such 
that IM^J^l < Pi (see Remark [M]). Of course one can reason analogously for g^l^^{x), (/^^(a;) and 
G^l^^{x), possibly redefining 79. Hence by Lemmas 13.101 and 13.21 one can bound 

n i*4(--^)i<n(^) ^i—Ti^] n 



< 



< i?(no)3^(^)-^exp(C(no)i^(r)), 

with 

1 1/2 

^M= e(r^o) = 8 5] log^L. 

Then, by Hypothesis [H one can choose uq such that ^(ng) < ^/2. Furthermore, Lemma 13.21 ensures 
also that the sum over the other labels is bounded by a constant to the power k{T) and hence one 
can bound, for some positive constants C and Kq, 

\Mi%x)\< Yl |e|'^'^^I^T(x)|< Yl |e|'^^^C'^^^^e-^o™< J^H^C7V^^2-^ (4_2) 
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with K2 = Kq/2, then ()4.1ap is proved for e smah enough. Now we prove (|4.1bp . again by induction 
on n. For n = the bound is obvious. Assume then ()4.1bp to hold for all n' < n. For any T € yin,u,e 
such that yT^x) / one has 

d.rT{x)=^[ n ^AidccGtdM) n (4.3) 

eeVT\veN(T) / \ e'eL(T)\{e} J 

where xi = u) ■ vi = x + u ■ and 

2 



^n.ixe) ((ix)l - (il - a,M["^-il(xf 



One has 



\dx^niixe)\ < \dxXne-iixe) \ + \dxipneixe)\ < 



Oim„^ (^) ' 

for some constant Bi and, by (|4.1ap . the inductive hypothesis and Hypothesis [H 

ni—l n£—l 

\dxMty'Kx,)\ < ^ \idxX,{x,))Mtl{xe)\ + \9Mi{xi)\ 

q=0 q=0 

< BiK, Y: e-^^^'"^ + |.| C,Y^-^''" < 1^1 B2, 

for some constant B2. Hence the differentiated propagator dxQt^^l,i,(xi) can be bounded by 
7i"m„^(<^)~^ for some constant 71. Possibly redefining the constant 71, also the propagators of 
the lines i' ^ i in (j4.3p can be bounded by 71 am„^, and hence, at the cost of replacing the 

previous bound 700^^(0;)"^ for the propagators Q^"'\x) with 7iam„(^)~^, one can reason as in the 
proof of (j4.1ap to obtain ()4.1bp for j = 1 . For j = 2 one can reason analogously. ■ 

Remark 4.4. From the proof of Lemma 14.31 it follows that if M satisfies property 1-p the matrices 
A4^"'\x) and G^"'\x) are well defined for all —1 < n < p. In particular there exists 70 > such 
that < loO!m„{<^) ^ for all < n < p. Moreover if M satisfies property 1, the same 

considerations apply for all n > 0. 

Lemma 4.5. Assume A4 to satisfy property 1-p. Then one has 

M["1(-x) = 7W["l(x)* (4.4) 

for all —l<n<p. 

Proof. We shall prove the result by induction on n. For n = — 1 the result is obvious; see Remark 
13.61 Assume (14. 4|) to hold up to scale n — 1. Then, by definition, one has also ^^(-x) = Q^iXx)* 
for all < g < n. For any renormalised self-energy cluster T contributing to M["](x), consider the 
renormalised self-energy cluster T' obtained from T by replacing the mode labels with —v^ and 
changing the sign of the momentum of the entering line. Then the node factors are changed into 
their complex conjugated, and this holds also for the propagators because of the conservation law 
(|3.2p . Then Y^'i—x) = i^xix)*. This is enough to prove the assertion. H 
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Lemma 4.6. Assume A4 to satisfy property 1-p. Then, for < n < p and e small enough, one has 

Ma(^)-MN(o)-xa.MW(0)| < le|i^3e-^*2-^2 (4 5^ 

for some constants K3 and K^^. 

Proof. For > |e| the bound follows trivially from Lemma [4. 3t thus, we may assume in the following 
< \e\. Consider a self-energy cluster T whose value Yxix) contributes to m}j^I{x) through (13.1ip 
and set Arix) = Yrix) - yrlo) -xd^ 1^t(0). Define also 

n = min{n G Z+ : K{T) < 2"""}. 

Let us distinguish between the two cases: (a) 2'""^^ < K{T) < 2"^" and (b) 2"""-i < K{T) < 2™""^ 

In case (a), if am^(Lj) < 4|x| then one can bound |^r(2;)| < | '^T(a;)| + | ':^r(0)| + {xd^ yT{0)\. 
As soon as "^mi^ • i/^) 7^ for all £ £ L{T), by (the proof of) Lemma lL3l - see in particular (j4.2p - 
each contribution can be bounded as 

\s\KT)(jk^-KoK{T) ^ |^|fc(T)^fcg-(Xo/2)E-(T)g-(i^o/2)2'""i 

< |el'=(^)c'=e-(^°/2)i^(T)^^^(^)2 < i6x2|e|MT)c'=e-(^o/4)2'"". 

If on the contrary amj^{u) > 4|x|, one can reason as follows. For any line i £ L{T) one has 
< K{T) < 2"^" and hence \uj ■ > am^(c^). Then for all r € [0, 1] 

5 3 

- jcj • i/^l > \u ■ + |x| > \u ■ + Tx\ > \iV ■ — \x\ > -\u ■ i^^l . 

In particular (5/4)|cj • > \u; • V£\ > (3/4)|a; • u^l and therefore 

2 • i^e\ > ' ~^ '^^\ — 2 l'^ ■ '^^l ■ (4-6) 

This implies that the sizes of the propagators in Yxitx) 'do not change too much' with respect to 
Yxix)'- in particular (j3.19p yields the bound (j3.20p and hence, by Remark 13.111 Lemmas 13.91 and 
Km still hold, so as to obtain \dlrT{tx)\ < C'{C"f^'^h-^-^^""'" , where denotes the derivative 
with respect to the (only) argument, for some constants C and C" . Then 



\At{x)\ < 



[ dT{l-T)dfrT{Tx) 

Jo 



<x^C'{C")''e-^^^"'\ (4.7) 



By summing over all possible self-energy values contributing to Mi"i(x) the bound ()4.5p follows. 

In case (b), if am^_^(a^) < 8|x| then one can bound \At{x)\ < \ yT{x)\ + \ '^t(0)| + >'t(0)| 
and use that K(T) > 2™"-i to obtain 

g-(Xo/2)X(T) < ^-(Xo/2)2'"-i < «^^_^(^)2 < 64x2. 

If am^_-^(a;) > 8|x|, for any line £ G L{T) one has \u^\ < K{T) < 2™"~^ and hence 

1^ • > am— 1(^) > ^am^_i(a;). 

Then one can reason as done in case (a) and obtain (j4.6p for all t € [0,1]: in turn this yields the 
bound (|4.7p and hence the bound (j4.5p follows once more. H 
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Remark 4.7. From (j4.ip and Lemmas 14.51 and 14.61 it follows that if property 1-p (respectively 
property 1) is satisfied then for all n < p (respectively for all n > —1) one has A4^'^\x) = A^["'1(0) + 
dxAi^"'\0)x + O(ex^), where A^["1(0) is a real-valued matrix, while 5^A^["1(0) is a purely imaginary 
one. In particular this implies that if ^n+ii^) \x — det(A^N(o))| > ^'„+i(x)xV2 for ah -1 < n < p 
(respectively for all n > —1) then property 1-p (respectively property 1) holds. 

The following result will be crucial to check, in the forthcoming Section \5\ that property 1 is 
satisfied by A4. The proof follows the lines of that for Lemma 4.8 in [TO] and it is deferred to 
Appendix |A] (see (|3.18p for the definition of ^'J'^ and L^'^). 

Lemma 4.8. Assume M to satisfy property 1-p. Then 

M^\0)= i , (4.8) 

with \ep^u,e\ < |e| j4ie~^^^ p+'^ ^ u,e = P,B, for suitable positive constants Ai and A2. 

Lemma 4.9. Assume A4 to satisfy property 1. Then the series 13.16\) and {3.11) with the coefficients 
given by Ii3.14\ ) and 1^3. 15\) respectively, converge for e small enough. 

Proof. Let 9 G h- Remark one can bound |^e"l(x)| < am„{u)~'^ for all n > and 
hence by Lemma 13.91 one can reason as in the proof of the bound ()4.1ap so as to obtain 



i/2 



J2 m^)i<Woe-«i" 

for some constants Cq and Co, which is enough to prove the assertion. ■ 

Lemma 4.10. Assume M to satisfy property 1. Then for e small enough the function \3.16\) . with 
the coefficients given by ^3.14\ ), solve the equations i2.13\) . 

Proof. We shall prove that, the functions 6^, defined after p.l7p satisfy the equations of motion 
()2.13p . i.e. we shall check that /■'^ := (6^, B^) = g E{ujt, /^), where g is the pseudo-differential oper- 
ator with kernel 5(0; -iv) = l/(ic^-i/)l and H (cut, /^) := {uj{B'^) + eF{ut, ^'^ , B'^),eG{ut, ^'^ , B'^)) . 
We can write the Fourier coefficients of b^ and B^ as 

n>0 k>l 6»G0^^_^(n) 

b]} = y,bI:^\ slri = 5;.^' no), 

n>o k>i eeef^^gin) 

where Q^i, h{n) is the subset of Q^^, such that ng^ = n. Set also Qk,u{''^) ■— Qa^i/,/?!"-) ^ Q^i/.bC'^) 
and, for r = {6,9') G ej^(n), define r(r) := {9),r {9')). 
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Using Lemmas 13.41 and 14.91 in Fourier space one can write 



ra>0 



n>0 



n>0 



where Q'^j^{n) differs from 0]f^(n) as it also includes couples of trees where the root line of one or 
both of them is the exiting line of a renormalised self-energy cluster. If we separate such couples 
from the others, we obtain 



g{uj ■ u)[E{ut, /^)]^ = g{u ■ v) 



Ln>0 

n— 1 n— 1 p— 1 

n>0 p>nq=—l n>l p=Og=— 1 



g{u> ■ v) 
g{u ■ u) 
g{u ■ v) 



p-i 



E((i^-^)i--M^"-'k^-^))/i^^+E E^'''(^-^) E 

p>0 \q=-l n>q+l 



[P] 



.n>0 



n-l 



„>0 \g=-l / 



.n>0 



.n>0 



7e 

1/ > 



n>0 



n>0 



SO that the proof is complete. 

Remark 4.11. From Lemma 14.81 it follows that, if M satisfies property 1, one can define 

A^[°°l(x) := lim M^'^\x), 

n— >oo 

and one has 



(4.9) 



Note that ()4.9p is pretty much the same equality provided by Lemma 4.8 in [19], adapted to the 
present case. 

Remark 4.12. If we take the formal expansion of the functions $^(e, /3o, ^o)) r^(e, /3o, i^o) and 
A^i^^(0; e, (3q,Bq), u, e € {/?, B}, we obtain tree expansions where the self-energy clusters are allowed; 
see Section 6 where such a situation is discussed for the Hamiltonian case. Then it is easy to prove 
the identity (j4.9p to any perturbation order; in particular, if one expands 

feo-l 



det E 



, A;=0 



fco-1 



h=l 



k=0 
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one has 5^^^ = (J^^H/^o) = for all A; = 0, . . . feo - 1, if the coefficients bH"^ = b''q\Pq) are defined as 
in ()2.10p . Moreover, for such an expansion, if one writes 



, fc=o 



ko-l 



h=l 



fc=0 



one has 



k=0 



< Aie 



for some positive constants Ai,A2- However, under Hypotheses [H [2] and HJ we are not able to 
prove the convergence of the series and we need to introduce some resummation procedure to give a 
meaning to the series. 

Lemma 4.13. Assume Ad to satisfy property 1. Then there exists Bq = i?o(£, /3o), C°° in both £,/3o, 
such that Bq^e, /3o) Bq for e — t- and <&o^(e, /3o, -Bo(e, Po)) = for any /3o and e small enough. 

Proof. One has <&o^(e; /3o, i?o) = ^o{BQ)+0{e) and it is C°° in its arguments because of the assumption 
that A4 satisfies property 1. Then, by Hypothesis [2] one can apply the implicit function theorem to 
obtain the result. In particular one has 



ko 



Bo{e,Po) = Bo + Y,^''B^o\Po) + 0{e 



h=l 



where the coefficients B^\(]q) coincide with those defined in (j2.10p . ■ 

Given xq € R and an interval {a,b) C IR such that xq S {a,b), we call half-neighbourhood of xq 
each of the two intervals (a, xq) and {xo,b). 

Lemma 4.14. Assume M to satisfy property 1 and set g{£,(3()) := TQ'{e; (^q, B(){£, Pq)) , where 
-Bo(e,/?o) 'is the C°° function referred to in Lemma \4-13\ Then there exists a continuous curve 
Po = Poie) such that g{£,f3o{e)) = and moreover, at least in a suitable half-neighbourhood of e = 0, 
one has det (A^[°°](0; e, /3o(e), 5o(e, /3o(e)))) < 0. 



Proof. Using the same argument in the proof of Lemma 4.11 in [19], as property 1 and Hypothesis 
H imply g{e,Po) = (r[,^"^(/3o) + 0(e)) and a;^(5o(e, /3o)) has the same sign of oj'q(Bq) for e smah 
enough, one can find a continuous curve /3o = /3o(e) defined at least in a suitable half- neighbourhood 
of e = such that ^((e, /3o(e)) = and dp^g{e, j3Q{e))uj'Q{BQ{£, j3Q{e))) > 0. Moreover one has 

d^i^, /3o) = d2T^{e; /3o, Bo{e, /3o)) + dsT^{e; /3o, Bo{e, /3o))5^o^o(e, /3o), 
where we denoted by dj the derivative with respect to the j-th argument, so that 

det (0; e, Po{e),B^{e, /3o(e)))) = -dp,g{e, /3o(e)) H{B^{e, Po{e))) + 0{e)) 

and then the assertion follows. In particular if /cq is even, the curve /3o(^) above can be defined in a 
whole neighbourood of e = 0. ■ 
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By the results above it follows that, if property 1 is satisfied, choosing /3o = /3o{e) and Bq = 
Bo{e, Pq{£)) as above, the series (j3.16p solve the equation of motion (|2.ip . 

In the forthcoming Section we shall prove that A4 satisfies property 1, at least along a continuous 
curve C(e) := (/3o(e), -Bo(e, /3o(£))) satisfying ^^{e; C(e)) = rQ'(e; C{e)) = 0, adapting the analogous 
proof in |19] . 



5 Convergence of the resummed series: fixing the initial phase 

In this section, we shall complete the proof of Theorem 12.21 bv showing that, under Hypotheses [H [2] 
andlH by suitably choosing /3o, Bq, then M. turns out to satisfy property 1. 
Define the C°° non-increasing function ^ such that 

(5.1) 

10, a; > 1, 

and set ^-1(2;) = 1 and ^n(x) = S,{2^x/af^^^_^{u)) for all n > 0. Set also 

Boie, /3o, B'o) ■.= Bo+Y, e^B^^\M + e^'B'^ (5.2) 

h=l 

where the coefficients B^\/3q) are defined as in (|2.10p and kQ is as in Hypothesis [H For all n > 
we define recursively the regularised propagators as 

=^["l(x;e,/3o,S^) :=M'„(x)((ix)l->ff""''(x;e,/3o,S^,Kn-i(A„_i))"\ (5.3) 

where 

n-l 

M^''-'\x;e,/3o,B'o) := J] Xg{x)M^'\x; e, /3o, B'q), (5.4) 

q=-l 

with the 2 X 2 matrix m'^'(x; e, /Jq, -Bq) defined so as 

M^;^lix;e,/3o,B'Q):= ^ e'^^^^yrix- e, f3o, B'q), (5.5) 

where 

yTix;e,(3o,B'Q):=( J] -^^ ) ( H ^£1 ) ' (^.6) 

\v£N{T) J \eeL{T) / 

with Tv = FviPo, Bo{e, /3o, ^o)) ^-nd 

fco-l 
k=0 

with 

Dn-i{e,^o,B'o) := det M''''\o; e, (3o, B'q 
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For any 6 G Qf^ ^, define also, for all k > 0, u € Z'^, h = /3,B, 



\v£N(T) / \e€L(T) / 



£N{T) / VgL(T) 

Finally, set M := e, /3o, i?^,)}„>-i and := {AT'"^ (x; e, /3o, B'o)U^n)}n>-i- 

Lemma 5.1. For e small enough, satisfies property 1. 

Proof. We shall prove that satisfies property 1-p for all p > 0, by induction on p. For p = it 
is obvious if e is small enough. Assume then that Jv[^ satisfies property 1-p. Then we can repeat 
almost word by word the proofs of Lemmas 14.31 and 14.51 so as to obtain 

,■1 

£, /3o, 5^) = AT'^^(0; e, /3o, 5^) + x 5,7W'^1(0; e, /3o, i?^,) + / dt (1 - t) dlM^'\tx; e, /3o, iJ^,), 

JO 

[pi [pi 

with M {0; e , , B'q) a real- valued matrix, dxM (0; e, /3o, -Bg) a purely imaginary one and 



rdt{l-t)dlM^''\tx;e,(3o,B',) 
Jo 



<C\e\x^ 



for some constant C, by Lemma 14.61 Then we only have to prove that - see Remark 14. 71 - 



2 

^p+i{x) \x^ -Dp{e,f3o,B'o)Cp{Apf\ > ^p+i(x)^. 



Note that, by the definition of Ap, one has 

fco-i ko-l 
Y^e'^ [Dp{e,Po,B',)Y'^=Y^e%'^) 

k=0 k=0 

with the coefficients (5p^^ as in Remark [4.121 ^^id hence satisfies property l-{p+l) by the definition 
of the function ^p. U 

Set _ _ 

M^°°\x;e,Po,B'o) := lim M^''\x- e, B'q), (5.7) 

n— >-oo 

and define 

^E,(3o,B'o):=Y,e'Yl m^,/3o,i?o)> T (e , f3o , B'^) := Yl ^(0,^,^0,3',). (5.8) 

Lemma 5.2. One /las 

[P(e,/3o,i?^,)]('^) = [P^{e,(3o,Bo{e,fio,B'o))]^''\ P = $,r, 
/or all k = 0, . . . ,ko. 
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Proof. Set := {9 G ef^,^ : 31 G L{e) such that = n} and write 



k>0 n>Oflc«^(") 



with h = P,B tor P = ^, F, respectively, and note that if G ^kv^h 
for some constants Ei,E2. Moreover one can write formally 

m>l 



with 



and 



A?l"'-'l{x;e,/3„,iS;):=7Ml"'-'l(x-;£,/3„,B;)-(jJ ""'f °') = 0(e), 
and we can write ^„^_i(A„^_i) = 1 + ^^^_;^(A*)A„^_i for some A*, where A„^_i = O(£*^o) and 



for some positive constant independent of n. Hence the assertion follows. ■ 

Introduce the C°° functions ^{e, f^Q, Bq), ^{e, /3q, Bq), T{e, f3(j, Bq) and T{e, (3q, Bq) such that 

(1) the first ko coefficients of the Taylor expansion in e of both ^(e, Po, Bo(e, Po, B'q)) and 
^{e, Po, Bo{e, Po, Bq)) coincide with those of $(£, /3o, -Bq), 

(2) the first ko coefficients of the Taylor expansion in e of both r{e, Po, Bq{£, Pq, B'q)) and 
T{e, Po,Bo{£, Pq, B'q)) coincide with those of r(£, Pq, B'^), 

(3) one has 



, . 'd2He,Po,Bo{e,Po,B'^)) ds^e,Po,Bo{e,Po,B'^))'^ 

M^^\0;s,Po,Bi)={ ^ |, (5.9) 

,d2T{e, Po, Bo{e, Po, B'^)) dsTie, Po, Bo{e, Po, B'^)), 



where we denoted by dj the derivative with respect to the j-th argument. 

^ Define also, for all n > — 1 the C°° functions -So), in(£^, A, -Bq), Tnie^Po^Bo) and 

rn(e; Po,Bo) such that 

_, , /d2K{s,Po,Bo{e,Po,B'^)) d3^n{e,Po,Boie,Po,Bl,))\ 

M^''\0;e,Po,B'o)= { ^ , (5.10) 

\d2tn{e, Po,Bo{e, Po,B'^) d^Tr,{e, Po,Bo{e, Po,B'o))J 
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and 

\Pn{e, /3o, Bo{e, po,B'^)) - P{s, /3o, Bo{e, /3o, ^o))! < PhM e^^^^™- ^ p = f, f , (5.11) 

for some constants Ap,Bp. Then, by reasoning as in the proofs of Lemmas 14.131 and 14.141 we can 
find Bq = i?o(£)/3o) and (3q = /3o(e) such that 

(i) ^{e, f3g, Bo{e, Po, Bo{e, f3o))) = for aU /3o and e small enough, 

(ii) r{e, f3o{£), Bf){£, (3o{e), Bo{e, /3f){£)))) = for all e small enough and 

(iii) (93$(e,/3o,-Bo(e,/3o,5o(e,/3o)))9/3of (e,/3o,So(e,^o,-Bo(e,/3o)))|^^^^^(^) > 0, at least in a suitable 
half-neighbourhood of e = 0. 

Lemma 5.3. Set C(e) = (/3o(e), -Bo(e, /3o(£))) with BQ^e^fSo) and /3o(^) o,s above. Then, along C(e) 
one has ^ni^n) = 1 for all n > —1. 

Proof. We shall prove the result by induction on n. For n = — 1 it is obvious. Assume then ^p(Ap) = 1 

for all p = — l,...,n — 1 along C(e) and set C(e) = {/3Q{e), BQ{e,C{e))). Hence Q^\x;e,C{£)) = 

aW(x;e,C(e)) for all p = 0, n and thence >l'"^(x; e, C(e)) = M^"'\x;e,C{£)). In particular At 
satisfies property 1-n so that, using Lemma 14.81 one has 



A^'"XO;£,C(e)) 



^52$^'"(e, C{£)) + en,p,p 93^?'"(e, C{£)) + en,p,B 
,52rJ'"(e, C(e)) + e„,B,/3 93rJ'"(e, C{e)) + e„,B,B 
with le^^tj^el ^ |elj4ie~'^2^ "^^ , u,e = P,B. On the other hand one has 
92l>(£,C(e)) = -a3i'(e,C(e)) a^„5o(e,/3oJo(e,/3o)) 



92f(e,C(e)) = a^of(e,/3o,i?o(e,/3o,i3o(e,/3o))) . - (e, C(e)) a^^SoCe, /3o, i?o(e, /5o)) 

/3o=/3o(e) 



/3o=/3o(£) 

/3o=/3o(e) 



SO that, without writing explicitly the dependence on (e,C(e)), one has 
7wt"l(0;£,C(£)) = 



with |7nU7nl ^ je| Cie~'-^2^ "^^ for some Ci,C2. Hence 



with |c„|, |c^|, [c"[ < \e\Die ""'"^ for some constants Di and D2, so that the assertion follows by 
the definition of . H 

Lemma 5.4. Let he as in Lemma \ 5.3\ and set C(e) = (/3o(e), ^o(£) C(^)))- One can choose 

the functions d,$,f,r such that 4>(e,C(e)) = $(e,C(e)) = $J(e,C(e)) = and f(e,C(e)) = 
f(e,C(e)) =rJ(e,C(e)) =0. In particular e), e)) = C(e) + e, C(e)), e, C(e))) 

defined in i3.16\) solves the equation of motion \2.1\) 
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Proof. It follows from the results above. Indeed, for any T there is a curve C{e) along which 
M = M = (hence M satisfies property 1) and <l(e, C(e)) = f(e, C(e)) = 0. By Remark liTTT] 
also $^ and are among the primitives of and A^^^ respectively, and then the assertion 

follows. ■ 

Remark 5.5. Note that without Remark 14. Ill we were able to prove only the existence of curves on 
which the solution of the range equations is well-defined. On the other hand Remark 14.111 (which 
follows from Lemma 14. 8p guarantees that the solution of the bifurcation] equations is one of such 
curves. 

Lemma 15.41 completes the proof of Theorem 12.21 indeed the function {f3{t,e), B{t,£)) is a quasi- 
periodic solution to (j2.ip with frequency vector u and, by construction, it reduces to {I3q,Bq) as e 
tends to 0. 



6 The Hamiltonian case 

In this section we prove Theorem 12.31 Consider (|2.ip of the form (j2.16p . i.e. with F = dsf and 
G = —djsf, where / is the function appearing in ()2.15p . We look for a solution (I3{t), B(t)) which can 
be formally written as in (|2.9p . with the coefficients given by (j2.10p . If there exists kQ > 1 such that 

all the coefficients t'^\i3q) vanish identically for all < /c < A:o — 1, while t'^°\/3q) is not identically 
zero, we can solve the equations of motion up to order ko without fixing the parameter /3q. Moreover 

one has T^^°\^o) = dp^g^^'^\Po), with 

g('=o)(/?o) := m^o"^ - [ho(Bo + B + B('^m''^ - [f{ut,/3o + b,Bo + B)]'o'"''\ 
because, if we denote 

fco-l fco-l 
k=l k=l 

one has 

d^,[f{ut,l3o + b,Bo + B)]o'''^ = [d^fiu:t,f3o + b,Bo + B){'i- + dpM^"''^ 

+ [dBf{cot,(3o + b,Bo + B)dp,B]'o^"-^^ 

= -r\,'^^ - [Bd,M'^ + [bd,M'^ 

- [uo(Bo + B + B^^^^^)dp,{B + 

= -r^'^") + 5^js6][,'=«) -aft,[/.o(:Bo+:B + i?('=«))]f°\ 

Since ^rC^o) is analytic and periodic, it has at least one maximum /3q and one minimum /3q. Then 
Hypothesis H] automatically holds. Indeed, if £^^^ujq{Bq) > one can choose /^g = I3q, while if 
e^^cOqIBq) < one can choose /3q = /3q and hence in both cases Hypothesis H] is satisfied. Therefore 
the existence of a quasi-periodic solution with frequency vector u: follows from Theorem 12. 2[ 

Assume now that rjf'^ = for all k>0. We shall prove the following result, which, together with 
the argument given above, implies Theorem 12.31 
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Proposition 6.1. Consider the system i2.16\) and assume Hypotheses{l\andl^to be satisfied. Assume 

(k) 

also that Fq = for all k >0. Then for e small enough there exists a resonant maximal torus run 
with frequency vector lj, which can be parameterised as /3 = /3q + P^^ij^, B = Bq + Bs{ip,l3o), 
ex = ip , A = A^{i]j,I3q), with (tp^fSo) € T*^"*"-^, where the functions i?^ and are analytic in e, 
as well as in ip and /3q, and are at least of order e. The time evolution along the torus is given by 
{il^,Po) ^ {il^ + ut,po). 

As we shall see, no resummation is needed in such a case and the formal expansion ()2.9p turns 
out to converge, i.e. the solution is analytic in the perturbation parameter. However we still need a 
multiscale decomposition of the propagators to show that the small divisors 'do not accumulate too 
much'. To this aim, we slightly change some of the definitions in Section [3] as follows. 

First of all, when defining the labelled trees, the following changes are made. We associate with 
each node v a mode label G 1/^, a component label hy € {/3, B} and an order label ky € {0, 1} with 
the constraint that ky = 1 if Uy ^ 0. With each line i = iy, i ^ £g, we associate a component label 
hi € {I3,B}, with the constraint that hi^ = hy, and a momentum label ui G 'Z'^, with the constraint 
that ve ^ if h£ = (3. We associate with the root line (.q a component label hi^ € {/3, i?, <I>, F} and 
a momentum label iv^g G Z*^ with the following constraints. Call vq the node which Iq exists: then 
(i) htg = F if hy^ = B, while hi^ = if hy^ = f3 and (ii) ^ for hig = /3, while U£g = for 
hig = F. We require ky^^ = 1 if i = iy^ is such that either £ = £g and hi = T or: h^ = B and i/^ / 0. 
Denote by py and qy the numbers of lines with component label /3 and B, respectively, entering the 
node V and set Sy = py + qy: if ky = for some v G then we impose py = and Qi, > 1 if 

hy = f3, while we impose Py = and qy > 2 if hy = B. Finally with each line i € L{6) we associate a 
scale label ni G Z+ U {— 1}, with the constraint that ng > if ui and ng = —1 if ug = 0. 

We do not change the definition of cluster, while it is more convenient to change slightly the 
definition of self-energy cluster: a cluster T on scale n is a self-energy cluster if (i) it has only one 
entering line i'j, and one exiting line It, (ii) one has ug,^ = Vg'^, (iii) either n = — 1 and Vt = or 
n > and one has > and ^ for all i £ Vt- We shall say that a subgraph T constituted by 
only one node v with Vy = and Sy = 1, is also a self-energy cluster on scale —1. 

We denote by Qk,u,h the set of trees with order k, total momentum v and total component h and 
by 6n,u,e the set of self-energy clusters with order k, scale n and such that h^i^ = e and hg^ = u, 
with e,ti G {13, B}. Note that self-energy clusters are allowed both in Qk,u,h and in G^ue'^ other 
words we are considering trees and subgraphs which are not renormalised. 

For any tree 9 or any subgraph S of 9 we define their (non-renormalised) value as in (j3.13p . but 
with the node factors defined as 

hy = P, 

hy = B, ue^ 7^ 0, (6.1) 
hy = B, = 0, hi^ = B, 

hy = B, = 0, = F, 



dTMBo), 



Py\qy\ 



Pylqyl 



9^""''9g'/,„(/3o,i?o), 



■D '(7 ' P 



ky = 0, 

ky = 1, 

ky = 1, 

ky = 1, 

ky = 1, 
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and the propagators defined as 

rii > 0, 



-^7^, ne = -l, h, = B, M 

1, n£ = -l, h(, = T,^. 



Lemma 6.2. Let T he a subgraph of any tree 9. Then one has \N[T)\ < 4A;(T) — 2. 

Proof. We shall prove the result by induction on k = k(T). For k = 1 the bound is trivially satisfied 
as a direct check shows. Assume then the bound to hold for all k' < k. Call v the node which 
(possibly £o) exits, £i, . . . ,£sy the lines entering v and Ti, . . . ,Ts^ the subgraphs of T with exiting 
lines ii, . . . ,is^- If /c^ = 1 then by the inductive hypothesis one has 

\N{T)\ = l + Yl < 1 + 4(A; - 1) - 2s^ <Ak-2. 

i=l 

If k^ = and h^ = B then one has = > 2 and hence 

qv 

\N{T)\ =l + Y^ <l + Ak-2q^<Ak-2. 

1=1 

If fcf, = and = /3, then if > 2 one can reason as in the previous case. Otherwise, the line 
I = Iw entering v is such that hi = B, so that either k^ = 1 oi k^ = and > 2. call i'l, ■ ■ ■ ,i's^ 
the lines entering w and T[, . . . , T^^ the subgraphs of T with exiting lines i'^, . . . , i'^^ . In the first case 
one has 

Sit) 

\N{T)\ =2 + J2 1^(^01 < 2 + 4(fc - 1) - 2s^ < 4A; - 2, 

1=1 

while in the second case one has 

Qw 



\N{T)\ = 2 + ^ \N{Tl)\ <2 + 4k-2q^ <4k-2. 



i=l 

Therefore the bound follows. H 

Prom now on we shall not write explicitly the dependence on /3q and Bq to lighten the notations. 
If T is a self-energy cluster we can (and shall) write y{T) = '^^(^ • t^£'^) to stress the dependence 
on u: ■ v^'^; see also Remark 13.71 For all A; > 1, define 

6(f) := ^ r{d), V G B^^^ := ^ r(d), v G Z-^, (6.3a) 

MlS(x,n) := rT(x), A^g(x,n) := J] M^^l{x,v\ A^S(x) := lim M'lC^,^)- (6.3b) 

Tg& P=-1 

n..ii..p ^ 
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Note that the coefficients (j6.3ap coincide with those in (j2.10p . Set also 

rf^:= E no), (6.4) 

and note that ^^^^ = [ujo{B{t)) + sdsfiu^t, I3{t), Bit))^^^ and F^^^ = [-edi3f{ut,p{t),B{t))]^^\ 
Remark 6.3. One has 

M^pix, n) = M%{x, n) = M^^ix, n) = 0, TWgU^' ^) = 4(^o), 
-M{j^Jj(a;,n) = dpOsfo = -M%]B{x,n), 

for all n > —1 and all x € H. 

We shall say that a line ^ is resonant if there exist two self-energy clusters T, T', such that 
It' = ^ = -^T' otherwise ^ is non-resonant. Given any subgraph S of any tree 0, we denote by 9T* (S) 
the number of non-resonant lines on scale > n in S*. Define also, for any line i & 9, the minimum 
scale of £ as 

Ci := mm{n € Z+ : • t^e) + 0} 

and denote by 91* (S*) the number of non-resonant lines t G ^{S) such that > n. If "^(5) 7^ 0, for 
each line I € ^^(5*) either = ("^ or ni = C^i^ 1. Then one can prove the following results. 

Lemma 6.4. For all h E B, ^, T}, u eZ'^, k>l and for any 9 G Qk,u,h with Y{9) / 0, one has 
^1(9) < 2-(™"-3)^(gi) alln>0. 

Lemma 6.5. For all e,u £ {f3,B}, n > 0, k > 1 and for any T G &nue with Yxix) 7^ 0, one has 
K{T) > 2"^"-^ and m'p{T) < 2"^""^'^^ K{T) for allO<p<n. 

The proofs of the two results above follow the lines of those for Lemmas 13.91 and 13.101 and are 
given in Appendix iBl 

Lemma 6.6. Let k > 1, u £ , h G {/3,i?,$,r}, n, e G {/3, -B} and n > arbitrarily fixed. For 
any tree 9 G @k,i',h o,nd any self-energy cluster T G 6^ „ g denote by Lnr{9) and Lnji(T) the sets of 
non-resonant lines in 9 and T, respectively, and set 



yNRi9) :-- 



Then 



v€N{e) / \eeLNRie) / \v£N{t) / \eeLNR{T) / 

ir^iiWI <c^e-«l'^l/2, (6.5a) 
|^T,iVij(^-i-^')|<c^e-«^(^)/2, (6.5b) 



for some positive constants ci , C2 . 
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Proof. The proof follows the lines of the proof of the bound (j4.1ap in Lemma 14.31 Indeed by Lemma 
]2]and the analyticity of / and loq one has 

veN{e) 



for some positive constants A, B, while 

16 

< 



n \Qn,{u^-V,)\<\{( 

T ta\ ,n->r\ V 




< D[nor-\M^{nQ)K{e)), 

with 



n>no+l 

\4fc-2 



^/ N 16 ^/ X 1 , 16 



Then, by Hypothesis O one can choose no such that ^(no) < ^/2, so that (j6.5ap follows, recalling 
-f^(^) ^ W\- To obtain (]6.5b[) one can reason in the same way, simply with T playing the role of 9. ■ 

Remark 6.7. By using Remark 13.111 one can show that also ^T,NRiTx) admits the same bound 
as yT,NRix) in ()6.5bp for j = 0, 1, 2 and r G [0, 1], possibly with a different constant C2. This will 
be used later on (in Appendix lUj). 

In the light of the results above, although the propagators are bounded proportionally to l/\x\ 
(since no resummation is performed), in principle one can have accumulation of small divisors because 
of the presence of resonant lines. Therefore one needs a 'gain factor' proportional io u ■ for each 
resonant line i, in order to prove the convergence of the power series (|2.9p . One could also envisage 
performing the resummation and exploiting cancellations between the self-energies, but in practice 
this would make the analysis more complicated. 

(k) 

Lemma 6.8. Assume that =0 for all k >0. Then for all k > 1 one has 

Mf^,{^)+ M^^llm^A'^^ = 0, (6.6a) 

ki+k2=k 

-^S(0)+ E H';B(0)5ft,4'^) = 0, (6.6b) 

ki+k2=k 

M%{Q) = -M%{Q). (6.6c) 
Proof. Both ()6.6ap and ()6.6bp follow from the fact that (see also Remark 14. 12p 

ki+k2=k 
ki+k2=k 
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where we have used that, for any function g = g{/3Q, Bo{l3o)), one has dp^-^g = dig + 9/3f,i?o d2g- 

To obtain (j6.6cp one can reason as follows. For any self-energy cluster T, denote by N{T) the set 
of nodes v G N{T) such that £y G Vt U {^t} and the line i'^ G Vt U {^t} entering v has component 
he'^ = hi^ . Let T G <3^ ^ ^ and consider the self-energy cluster T' G ^ ^ obtained from T by 
changing all the component labels of the lines in Vt U {It} U {^7^} and reversing their orientation; in 
particular the entering line i'rp of T becomes the exiting line £t' of T' and, vice versa, the exiting line 
ix of T becomes the entering line i'j,, of T'. Both Al^'^^(O) and A^^^^(O) are given by (I6.3bp with 
X = 0, so that the external lines i'rp and It carry momenta v^'^ = vij, = 0. Hence any line i' G Vt' 
has momentum i/' = —v> if u is the momentum of the corresponding line in Vt and the corresponding 
propagator changes sign (see (I6.2p and recall that rii > for all i G Vt)- Moreover, for any v G N{T) 
the node factor J^y changes sign when regarded as a node in N{T'), see (j6.ip . All the other factors 
remains the same i.e. we can write rr(0) = 2l(r) ^(T't) and ^tKO) = 2l(T') y{VT'), where 



\v&N{T) / MeVr 

and '^{Vt') is analogously defined with T' instead of T, while 2t(r) = 2l(T'). Now, one has 

n ^v = <y\{ Ty 

with a = ±1. If o" = 1, then |A^(T)| = |A^(T')| is even and hence there is an odd number of lines 
in Vt- If on the contrary cr = — 1, then there is an even number of lines in Vt- In both cases the 
assertion follows. H 

(k) 

Lemma 6.9. Assume that T'q' =0 for all k >0. Then for all k > 1 one has 

d.Mfpi^) = dM^^B^Q) = 0, (6.7a) 
dMpli^) = 9x>ji,%(0). (6.7b) 

Proof. One reason along the same lines as the proof of (I6.6cp in Lemma 16.81 Let T G ^ ^ and 
consider the self-energy cluster T' G ^ ^ obtained from T by changing all the component labels of 
the lines in ■PrU{^r}U{^^} and reversing their orientation. The derivative dx acts on the propagator 
of some line (. G Vt- After differentiation, when computing the propagators at x = 0, any line t' G Vt' 
turns out to have momentum v' = —v^ if is the momentum of the corresponding line in Vt and the 
corresponding propagator changes sign, except the differentiated propagator dxGnii^ • + x)\^^q, 
which is even in its argument. Moreover, for any v G N(T) (we use the same notations as in the proof 
of Lemma [6.8p the node factor J^^ changes sign when regarded as a node in N{T'), while all the other 
factors remains the same. If |A^(T)| = |A^(r')| is even (resp. odd) then there is an even (resp. odd) 
number of lines in Vt, but, as we said, the differentiated propagator does not change sign. Therefore 
the two contributions have the same modulus but different sign, so that, once summed together, they 
gives zero. Therefore (j6.7ap is proved. 

To prove ()6.7bp reason as in proving (j6.6cp : the only difference is that, as in the previous case, 
the differentiated propagator does not change sign, so that the two contributions are equal to (and 
not the opposite of) each other. ■ 
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Remark 6.10. Note that the Hamiltonian structure is fundamental in order to prove both the 
identity (|6.6cp and the identities (j6.7p . 



Given p > 2 self-energy clusters Ti, . . . , Tp of any tree 9, with = ^t^+i for z = 1, . . . ,p — 1 and 
Iti , i'rp being non-resonant, we say that C = {Ti, . . . , Tp} is a chain. Define io{C) := £ti and ii{C) := 
£'rp^ for z = 1, . . . ,p and set ni{C) = ^^.(c) for i = 0, . . . ,p; we also call k{C) := k{Ti) + . . . + k{Tp) 
the total order of the chain C and p{C) = p the length of C. Given a chain C = {Ti, . . . ,1],} we 
define the value of C as 

ycix) = flyTAx). (6.8) 

1=1 

We denote by C(/c; /i, h';nQ, . . . , Up) the set of all chains C = {Ti, . . . , Tp} with total order k and with 
fixed labels hi^i^c) = ^t-piC) = ^' and ni{C) = for z = 0, . . . ,p. 

Remark 6.11. Let ^ be a resonant line. Then there exists a chain C such that I = £i{C) for some 
i = 1, . . . ,p{C) — 1. If there exists a minimal self-energy cluster T containing i, then T contains 
the whole chain C and all lines io{C), . . . ,ip{C) (this follows from the fact that, by definition of 
self-energy cluster, v^, ^ for all I' G Vt)- In particular L(T) contains the two non-resonant lines 
£o{C) and £p{C), with Q^(^c) = Op(C) = Ci- 

Lemma 6.12. Assume that r|f''^ = for all k' > 0. Then for all p>2, all k > 1, all h, h' G {/3, B} 
and aUno,...,np G Z+ such that ^n^{x) ^ 0, i = 0, . . . ,p, one has 

< B'^lxf-^ (6.9) 



E 



C&C{k;h,h';no,...,np) 

for some constant B > 0. 

The proof is deferred to Appendix [Cl 

The bound (j6.9p provides exactly the gain factor which is needed in order to prove the convergence 
of the power series. Indeed given a tree 9, sum together the values of the trees obtained from 9 by 
replacing each maximal chain C (i.e. each chain which is not contained inside any other chain) with 
any other chain which has the same total order, the same length, the same scale labels associated 
with the lines io{C), . . . ,ip{C) and the same component labels associated with the lines io{C) and 
ip{C); in other words, if C G <t{k; h, h';no, . . . ,np) for some values of the labels, sum over all possible 
chains belonging to the set C(A;; h, h';nQ, . . . ,np). Then we can bound the product of the propagators 
of the non-resonant lines outside the maximal chains thanks to Lemma 16.41 while the product of the 
propagators of the lines ii{C), . . . , £p_i(C) of any chain C times the sum of the corresponding chain 
values is bounded through Lemma I6.12[ Then we can reason as in the proof of Lemma 14. 9^ by using 
that the propagator of any line £ is bounded proportionally to amQ(^)~^- 

Remark 6.13. We obtained the convergence of the power series (j2.9p for any f3o and any e small 
enough. Thus the solution turns out to be analytic in both e and (Sq. Moreover, since the solution is 
parameterised by /3o S T, in that case the full resonant torus survives. Of course, such a situation is 
highly non-generic and hence very unlikely. 
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A Proof of Lemma 14.8 



A left-fake cluster T on scale n is a connected subgraph of a tree 9 with only one entering line i'rp and 
one exiting line It such that (i) all the lines in T have scale < n and there is in T at least one line 
on scale n, (ii) i'j, is on scale n + 1 and It is on scale n and (iii) one has Ui^^ = Ug/^. Analogously a 
right-fake cluster T on scale n is a connected subgraph of a tree 9 with only one entering line i'j, and 
one exiting line It such that (i) all the lines in T have scale < n and there is in T at least one line on 
scale n, (ii) i'j, is on scale n and £t is on scale n + 1 and (iii) one has ug,^ = Ugi^. Roughly speaking, 
a left-fake (respectively right-fake) cluster T fails to be a self-energy cluster (or even a cluster) only 
because the exiting (respectively the entering) line is on scale equal to the scale of T. Left-fake and 
right-fake clusters will be represented graphically as in Figure lA.ll 



n 




n + 1 




n 



Figure A.l: Graphical representation of the left-fake (top) and right-fake (bottom) clusters T on scale n; by 
construction vi^. — v^'^. As for the self-energy clusters in Figure IX4l one has £t,£t ^ L{T). 

The sets of renormalised left-fake clusters and renormalised right-fake clusters T on scale n such 
that ug^ = u and e^^ = e will be denoted by £5^n,M,e and yi'^n,u,e-, respectively. 

Remark A.l. If T is a renormalised left-fake (respectively right-fake) cluster, we can (and shall) 
write y{T] e, /3o, Bq) = '^t(^ • e, /?0) Bq) to stress that the propagators of the lines in Vt depend 
on u ■ fgi^ . In particular one has 

^ e'^'^^yT{x;e,Po,Bo)= Yl e^^^^ ^Tix;e, l3o,Bo) = Mt^l{x;e, f3o,Bo). 

n.u.e 

Throughout this appendix, for sake of simplicity, we shall omit the adjective "renormalised" 
referred to trees, self-energy clusters, left-fake clusters and right-fake clusters. 
We shall prove explicitly only the bound 

\Mf^^{0;e,l3o,Bo) - dp,^fP{e,/3o,Bo)\ < |e| ^le-^^^-.+i ^ ^^^^^ 



as the others relations in (j4.8p can be proved exactly in the same way. 

We want to compute di3g^^'^{e, I^q, Bq), with ^^'^{e, Po, Bq) given by the first line of (|3.16p . We 
start by considering trees ^ ^ jf^ such that 

max {n G Z+ : ^'„(a; • Ui) / 0} < p, (A. 2) 
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and shall see later how to deal with trees in ^ for which the condition ()A.2p is not satisfied (see 
case 7 at the end). 

First of all, for any tree 6 set 

d,y{e-e,f3o,Bo):=dp,Tj J"^ ) f J] ^£,1 • ^^;e'/3o,^o) ) , (A.3) 

\weN{e)\{v} / \£eL{e) / 

and 



,/3o,i?o)( n -^Of n e61(xA;£,/3o,i?o)) 



= Aeie, xf, e, l3o,Bo) d^,gl:^l^{xt, e, /3o, ^o) BeiO; e, /3o, Sq), 
where X£ := u ■ v^, diSf^Q^g^i^{xf, e, Pq, Bq) is written according to Remark 13.51 and 



(A.4) 



Aii9,Xi;e,f3o,Bo) :-- 



n n e&i(^^';e,/3o,i?o)), (A.5a) 

veN(e) / \e'eL(e) / 



v£N{e) / \e'eL{e) 



13e{6;e,l3o,Bo):= ( J] { U ^i^d,, (x^,; e, /3o, i?o) J • (A.5b) 

Let us define in the analogous way d^yTix'je, (3o, Bq) and dii^rix; £, /3oBq) for any self-energy 
cluster T and let us write 

8/3, r{e- £, /3o, So) = dN -Tie-, /3o, ^o) + 5l ^ (0; e, /3o, ^o), (A.6) 

where 

9^r(0;e,/3o,i?o) := J] 5, e, /3o, i?o), (A.7) 

»;eAf(6») 

and 

5Ly(^;e,/3o,i?o) := ^ 5,r(^;e,/3o,So). (A.s) 

Let us also write 

dp, rT{x- e, /3o,Bo) = dN frix; e, /3o, Sq) + Ol rrix; e, /3o, Sq), (A.9) 

for any T G d\n,u,e, > and n, e € {/?, -B}, where the derivatives djy and 9^ are defined analogously 
with the previous cases (|A.7p and (jA.Sp . with N(T) and L{T) replacing N{6) and L(9), respectively, 
so that we can split 

dp,<^'^'^{x; £, /3o, i?o) = dN<^o''{x; e, Po, Bq) + dL<^'^'^{x; e, po, Bq), 
dp,M^"^{x; e, Po,Bo) = 9^mW(x; e, /3o, i?o) + SlM^'^^x; e, /3o, i?o), (A.IO) 
dp.M^'^Xx- e,/3o,Bo) = OnM^'^^x; e, /?o, Bq) + 9lA^["1(^; e, /3o, ^o), 
again with obvious meaning of the symbols. 
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Remark A. 2. We can interpret the derivative 9^ as all the possible ways to attach an extra line (. 
(with i/£ = and = (5) to the node v, so that 



produces contributions to A^^^^(0; e, /3o, -Bq). 

In order to compute di3g^^'^{e, /3q, Bq), we have to study the derivative ()A.6P for any 9 G Q%oj3- 

The terms ()A.7p produce immediately contributions to Al|^'^(0; e, /?o, -Bo) by Remark IA.2I Thus, we 
have to study the derivatives i^{6] e, f3o, Bq) appearing in the sum (|A.8p . From now on, we shall not 
write any longer explicitly the dependence on e,/3o and Bq, in order not to overwhelm the notation. 

For any 9 £ ©^o'^g satisfying the condition ()A.2p and for any line £ € L{9), either there is only 
one scale n such that ^nixi) 7^ (and in that case ^^(x^) = 1 and '^n'{x£) = for all n' 7^ n) or 
there exists only one < n < p — 1 such that '$n{xi)'$n+i{xe) 7^ 0. To help following the argument 
below, we divide the discussion into several steps (cases 1 to 7), marking the end of each step with 
a white box (□). 

1. If ^n{x£) = 1 one has 



= M9,xe) (a["l(^^)5/3o-^f"""(^^)^'"kx^)) Se{9), 



e£,U£ 



(All) 



with Ai{9,Xi) and Bi{9) defined in ([A5l) . □ 

Remark A. 3. Note that if we split djs^ = + Ol in (lA.lip . the term with dNM^"'~^\xi) is a 
contribution to M^p^^\o) and hence to M^^p{0). 

If there is only one < n < p — 1 such that 5'„(x£)^'„+i(x^) 7^ 0, then ^nixe) + ^n+iixe) = 1 and 
Xgixe) = 1 for all q = —1, . . . ,n — 1, so that ipn+i{xi) = 1 and hence ^'„+i(x£) = Xn{xe)- Moreover 
it can happen only (see Remark 13. Sp = n or = n + 1. 
2. Consider first the case = n + 1. One has 

deyi9)=M9,x,) (^["+i](xf)a;3„>[W(a;^)((i^^)l_^M(2;,))-i) 3,(9), (A.12) 

V / ee.Uf 



with 

g^^+'\xe)df,,M''\x,){{ix,)l - M^^\x,))-' 

= g^^''+'\xe)d^M''-'H^i){^n{xe) + ^n+i{xe)) ((ix^)l - M^^-'^xe)) 

+ g^^+^\xi)dpM''Kxi)Xn{xi){iiXl)l - M^^'^X,))-' 



-1 



n-1 



: g["+il(^^) y E dpoM^''kxe)j g^^'-^'hxe) + g^^^^'^xe) ^ ^/3oMM(x^)j G^''\x,) 
+ at"+^l(^^)( E 0^,M^'i^{xe)]g^''\xe)M^''\xe)g^^+'\xe), 



(A.13) 
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where we have used that Xnixi) = "^n+iixi) and 

We represent graphically the three contributions in (jA.lSP as in Figure [Al2l we represent the deriva- 
tive d/^Q as an arrow pointing toward the graphical representation of the differentiated quantity. □ 




Figure A. 2: Graphical representation of the derivative di ^{0) according to (jA.13l) . 



Remark A.4. Note that the M["](x(,) appearing in the latter line of ()A.13P has to be interpreted 
(see Remark 13. 7p as the matrix with components 

Y: e^^^^rTix,). 

Note also that, again, if we split d^^^ = On + Ol in ()A.13p . all the terms with dNM^'^^xg) are 
contributions to A^^^^(O). 

Now consider the case rii = n. We distinguish among several cases (see Remark IA.5I below for 
the meaning of "removal" and "insertion" of left-fake clusters) : 

(a) a. does not exit any left-fake cluster and one can insert a left-fake cluster, together its entering 
line, between i and the node £ exists without creating any self-energy cluster (case 3 below); 

(b) ^ does not exit any left-fake cluster and one cannot insert any left-fake cluster between £ and the 
node (. exists because this way a self-energy cluster would appear (case 4 below); 

(c) I does exit a left-fake cluster and one can remove the left-fake cluster, together its entering line, 
without creating a self-energy cluster (case 3 below); 

(d) H. does exit a left-fake cluster and one cannot remove the left-fake cluster because a self-energy 
cluster would be produced (case 5 below). 

Remark A. 5. Here and henceforth, if 5 is a subgraph with only one entering line i'g = and one 
exiting line £5, by saying that we "remove" S together with i'g, we mean that we change ue^ into /i„ 
and we also reattach the line is to the node v (so that is becomes the line exiting v). Analogously, 
whenever we "insert" a subgraph S with only one entering line i' between a line i and the node v 
which i exits, we mean that we set ui' = and change ui into hyj if w £ N{S) is the node to which 
we reattach i (and i becomes the line iw exiting S). 
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3. If I is not the exiting hne of a left-fake cluster, set 6 = 6; otherwise, if £ is the exiting line of a 
left-fake cluster T, define - if possible - ^ as the tree obtained from 6 by removing T and i'rp In both 
cases, define - if possible - Ti{6,i) as the set constituted by all the renormalised trees 6' obtained 
from 6 by inserting a left-fake cluster, together with its entering line, between i and the node v which 
i exits; see Figure IA.3i 




Figure A. 3: The renormalised tree 9 and the renormalised trees 9' of the set Ti{9,i) associated with 9. 



Remark A. 6. The construction of the set ti{9, i) could be impossible if the removal or the insertion 
of a left-fake cluster T, together with its entering line i'rp, would produce a self-energy cluster. We 
shall see later (see cases 4 and 5 below) how to deal with these cases. 

Then one has 



with 

dp,G^''\xf) (l + AfN(x,)^["+i](x,)) 

+ g^''\x,)dp,M}-''''\^d'^n+i{xt) ((ix,)l - A^["-ii(x,))"' 
+ (x£)mN (x,)g["+il (x,) 

+ (x,)5a,A^ ["-11 {x,) ((ix,)l - M ["-11 (x,)) mN (x,)g["+il (x,) 

and hence 

dp^G^^'^Xf) (l + MW(x,)g["+i](x,)^ 



= ^'"^ (x,)9ft,>(["-i] (x,)g W (x,) + (x,)9^oAl["-i] (x,)g["+il (x,) 

-gM(x,)a^„A^["-il(x,)xn(a:£)((ix,)l-A^["-il(x,))"VN(x,)g["+il(x,) 
+ g W (x^)5^„7W["-il (x^)g["] (x£)mW (x£)g["+il (x^) 

+ (x,)5^„A^["-il (x,)^„+i (x,) ((ix,)l - M ["-11 (x,)) mN (x,)g["+il (x,) 

= ^'"^ (x,)9ft,>(["-i] (x,)g["l (x,) + (x,)9^oAl["-i] (x,)g["+il (x,) 
+ g["l (x,)a^,A^ ["-11 (x,)gN (^^)M["] (x,)g["+il (x,), 

where we have used that 

(1 - ^n+i{xd ((ix,)l - A^["-il (x,)) -'m["1 (x,)) ((ix,)l - A^["-il (x,)) = ((1x^)1 - All"] (^^)) -\ 
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Also in this case, if we split dp^ = On + Ol, all the terms with dj\fM^'"' are contributions to 7Wj^'^(0) 
- see Remark IA.31 Again, we can represent graphically the three contributions obtained inserting 
(|XT5]l in (Rlil) : see Figure El □ 
4. Assume now that i is not the exiting line of a left-fake cluster and the insertion of a left-fake 
cluster, together with its entering line, produces a self-energy cluster. Note that this can happen 
only if i is the entering line of a right-fake cluster T. Let i be the exiting line (on scale n + 1) of the 
right-fake cluster T, call 6 the tree obtained from 9 by removing T and i and call T2{0,£) the set of 
trees 6' obtained from 6 by inserting a right-fake cluster, together with its entering line, before J; see 
Figure IA.51 

n + 1 




Figure A. 5: The trees 6' of the set T2{0,£) obtained from 6 when £ G L{d) enters a right-fake cluster. 
By construction one has 

V r{9') = Aj(e,xe) i3j(e), 

where uj denotes the u-component of £ as line in 6 and we have used that X£ = x^. 
Consider the contribution to d^^i^) given by 

Aj{e,xj)(g^''^^\xj)dLM^^\xj)G^''+^\xj)) Bjie), (A.15) 

arising from (lA.lSp . For e, e' G B} and T € 9^5n,M,e' call yi.n,u,e{T) the subset of 9\n,u,e such that 
if T' G yin,u,eiT) the exiting line £t' exits also the renormalised right-fake cluster T; note that the 
entering line £ oiT must be also the exiting line of some renormalised left-fake cluster T" contained 
in T'; see Figure lA^ 

Define STRW ( the 2x2 matrix with components 

aJta(^i)= EE E ^'^^'^^T'(xi) (A.16) 
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Figure A.6: A self-energy cluster T' e *n„(T). 



and consider the contribution to M^"''^{xj) in (jA.lSp . Let us pick up the term with the 

derivative acting on the hue £: one has 

e'^Me,i) (A. 17) 

\ \ / / ej,Uj 

where we have used again that X£ = xj. Thus, one can reason as in (jA.lSp . so as to obtain the sum 
of three contributions, as represented in Figure IA.71 □ 




Figure A. 7: Graphical representation of the three contributions arising from (IA.17|) . 



5. Finally, consider the case in which £ is the exiting line of a left-fake cluster, Tq and the removal 
of To and £'rp^ (see Remark lA.Sp creates a self-energy cluster. 

Set (for a reason that will become clear later) 9q = 9 and Iq = i. Then there is a maximal m > 1 
such that there are 2m lines ii, . . . ,im and i'l, ■ ■ ■ £'^, with the following properties: 

(i) £i G V{£eo,£i-i), for i = 1, . . . ,m, 

(ii) n£^ = n + i < max{p : ^p(x^J 7^ 0} = n + i + 1, for i = 0, . . . , m — 1, while rim '■= = n + m + a, 
with a G {0, 1}, 

(iii) i^i^ 7^ ^4-1 ^iid the lines preceding £i but not £i-i are on scale < n + i — 1, for z = 1, . . . , m, 

(iv) i/^/ = i/^^ , for i = 1, . . . , m, 

(v) if m > 2, £'■ is the exiting line of a left-fake cluster Tj, for i = l,...,m — 1, 

(vi) £'■ -< £'j'._^ and all the lines preceding £'rp._^ but not £[ are on scale < n + i — 1, for i = 1, . . . , m, 

(vii) n'm '■= n-£/^ = n + m + a' with a' G {0, 1}. 

Note that one cannot have a = a' = 1, otherwise the subgraph between £ra and £'m would be 
a self-energy cluster. Note also that (ii), (iv) and (v) imply n^/ = n + i for i = 1,... ,m — 1 if 
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m > 2. Call Si the subgraph between £i+i and £i and S'^ the cluster between £'rp, and i'i^i, for all 

i = 0, . . . , m — 1. For i = 1, . . . ,m, call the tree obtained from by removing everything between 

ii and the part of preceding £'■ Note that, if m > 2, properties (i)-(vii) hold for 6*, but with m — i 
instead of m, for all i = 1, . . . , m — 1. 

For i = 1, . . . ,m, call Ri the self-energy cluster obtained from the subgraph of 6i^i between 
and £[, by removing the left-fake cluster Tj_i together with i'rp_. Note that L{Ri) = L{Si-i)U{ii-i}[J 
L{S[_^) and N{Ri) = N{Si^i) U iV(5,'_i); see Figure [XH 




n+l 




Figure A. 8: The renormalised trees 0o and Oi and the self-energy cluster i?i in case 5 with m = 1 and 
a — a' — 0. Note that the set iSq is a cluster, but not a self-energy cluster. 

For i = 0, . . . , m — 1, given G L(ei), withf ^ ^, call ) the path of lines in Oi connecting 

f to I (hence ) = ) n L(ei))- For any i = 0, . . . , m - 1 and any I G let 

Tsi^^i:^) be the set of all renormalised trees which can be obtained from 6i by replacing each left-fake 
cluster preceding i but not with all possible left-fake clusters. Set also T3{6m-i,i'm) = &m-i- 

Note that, by construction, 

fA IS") 



One among cases 1-4 holds for G L{9m), so that we can consider the contribution to di^ y{0m) 
(together with other contributions as in 3 and 4, if necessary) given by - see (|All]l . ([Al3ll and 
(!Al5ll - 



Then one has 



X (l + M["+™-i](x,_J^["+H(x,_j)) S,^(e„ 

V / / e.-u ^m — 1 



(A.19) 



m— 1 V 
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where we have shortened e,u' = ei^_^,uii to simpUfy notation. By reasoning as in ()A.15p . this 

^m— 1 

gives 

\ / e,u' -^m— 1 

+ {e^-ux,^_, ) ja;3o-M'"+'"^'i (x.™.-. (^..-. )) , % 

\ / e,u -^m— 1 

where again e, = ei^_^ , u^/ 

-■m-l 

Then, for i = m — 1,...,1 we recursively reason as follows. Set 
and note that 

= ^,,_,(0,„i,x,,_J, (A.21) 



Consider the contribution 



(A.22) 



obtained at the {i + l)-th step of the recursion. By ()A.2ip one has (see Figure [A. 9P 



* \ e'er3{0,_iA_i) 

= ^,,_,(0,_i,x,^_j (a^„g["+*-i](x,^.jx 

X (l + M["+-ll(x,,_jg[«+^l(x,,_j)) (T3(e^-1,^D), 

which produces, as in ()A.20p . the contribution 

X M["+-il(x,,_jg['^+^l(^^.-j) % (r3(e,-i,^D). 

-i 



(A.23) 



(A.24) 
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Figure A. 9: Graphical representation of the left hand side of (jA.23| . 



Hence we can proceed recursively from 9m up to 6*0, until we obtain 

ij,^ 

+ A(^o,x,„)(g["](a^^o)5/3o-^'""'k^£-o)al"+^lK)) % (rsiOoJ'i)) (A.25) 

Hj,^ 

Once again, if we split dp^^ = d^ + di, all the terms with d^M^'^^^^ are contributions to A^|^^^(0). □ 

6. We are left with the derivatives diM^'^^x), q < n, when the differentiated propagator is not one 
of those used along the cases 4 or 5; see for instance (|A.17j) . (IA.19P and ()A.23p . One can reason as 
in the case by studying the derivatives diYxixi) and proceed iteratively along the lines 
of cases 1 to 5 above, until only lines on scales are left. In that case the derivatives di3gG^^\xe) 
produce derivatives 

/edlFo{/3o,Bo) edl j,^Fo{/3o, Bo)\ 

\edlGo{(3o, Bo) e9|,,5„Go(/3o, Bo) J 

(see Remarks 13.51 and 13.61) . Therefore, for n = —1, in the splitting (lA.lOp . there are no terms with 
the derivatives &£ and the derivatives dy can be interpreted as said in Remark IA.2[ □ 

7. By construction, each contribution to A^|^^^^(0) appears as one term among those considered 
in the discussion above, that is among the contributions to 9^Q<I>^'^(e, /3o, -Bq) arising from the trees 
9 G &k^o j3 satisfying the condition (|A.2p . Of course, when computing djSg y{9) for such trees, also 
some contributions to M^'^p{0) have been produced. Call Ty'^l the contributions to M^'^p{0) which 
are not obtained in the previous steps. Define also i?'^' as the sum of the contributions to d^g^^'^ 
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d^X'"'' + R^"^ = M^r'\0) + (mW (0) - W^A , (A.26) 



where we have used that A^^j^(O) = A^^^^^^ (0) + M^|3(0) - see definition ([SJ]) and use that Xg(0) = 1 

for all q > —1. Hence 5/3^$^'^ ^ + i?'^' represents the sum of all contributions to 5/3q$^'^ used in 
1-6. One can write 

d/so'^o'" = dpo'^o'"'' + + S^^\ (A.27) 

for a suitable S^^: by construction S^^'^ takes into account all contributions arising from the trees 
9 G 13 which do not satisfy the condition (jA.2p . i.e. such that 

max {n € Z+ : ^'„(cj ■ue)^0}=p+l. (A.28) 



Such trees have been excluded in the discussion above, because on the one hand they would produce 
the remaining contributions to M^'^^^^O), on the other hand they would equally produce contribu- 
tions to Mj,^J^'(0). Therefore, by combining (IXMjl and (1X271) . we obtain 5^o^>o''' = -^f^piO) + 
(^[p] _ vfW), where both T^W and 5^ arise from trees containing at least one line £ on scale p and 
such that ^'p+i(cj • vg) ^ 0: for such a line i one has \v(\ > 2"*^+!"^ by Remark 13. 8i Therefore, one 
has max{|S'[^]|, IVF''^'!} < |e| Die~^^^ ^"^^ , for some constants Di,D2 and this is enough to prove the 
bound (|XT]) . □ 



B Proof of Lemmas 16.41 and 16.51 



We want to prove by induction that 

K(^) < max{2-(""-3)^(0) _ 2^ q}. (B.l) 

First of all note that ^l{9) > 1 implies ^1(6) > 1 and hence K{e) > 2^""^ 

Set Co := (ig, riQ := n^^ and := u^^, and note that either no = Co or no = Co + 1- If Co < ^ the 
bound (jB.ip follows from the inductive hypothesis. If Co ^ '^j call £i, . . . the lines with minimum 
scale > n closest to ie and 6i, . . . ,6r the subtrees with root lines ^i, . . . respectively. If r = 
the bound trivially holds. If r > 2, by the inductive hypothesis one has (0) = 1 + (6*1) + . . . + 
^niOr) < 1 + 2-("""-3)if(6l) - 2r < 2-(™"-3)i^(6l) - 3, so that the bound follows once more. 

If r = 1 call T the subgraph with exiting line ig and entering line ii . Then either T is a self-energy 
cluster or K{T) > 2"^"-i. This can be proved as follows. Set vi := i^^^. If T is not a cluster, then 
it must contain at least one line £' on scale n^' = n, so that if £' ^ Vt and 9' is the subtree with 
root line £' one has K{T) > K{9') > 2™"-\ while if £ e Vt then ue> / i/i (because C^' = n - 1 and 
Qi > '^)) so that \uj ■ {uii — < am^_i(aj) implies K{T) > \uei — ui\ > 2™""-^. If T is a cluster 
then either (i) ui u so that K{T) > \u — ui\ > 2™""-^ or (ii) ui = u and there is a line £ G Vt 
with ni = —1 so that K{T) > \u^\ = [vil > 2™"^-*^, or (iii) i^i = u and T is a self-energy cluster, 
otherwise there would be a line £' G Vt with = i^i, which is incompatible with < n — 1 and 
Cei > n. 

Therefore, if K(T) > 2^""^ the inductive hypothesis yields the bound ([RB . If K{T) < 2™""^ 
then T is a self-energy cluster (and hence ui = u). In such a case call 9i the tree with root line 
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ii; by construction ^*(^) = 1 + 9T*(6'i). We can repeat the argument above: call i'^., the 

lines with minimum scale > n closest to ii and 6[, . . . ,9'^., the subtrees with root lines i'l, . . . 
respectively. Again the case r' = is trivial. If r' > 2 then ((9) = 2 + (6'^) + . . . + ^'(6'^,) < 
2 + 2-(™""3)k(6') - 2r < 2-^"^"-^'>K{9) - 2, so yielding the bound. Therefore the only case which 
does not imply immediately the bound (jB.ip through the inductive hypothesis is when ii exits a 
subgraph T' with only one entering line i[ on minimum scale > n. Set f'l := Vg'^ and call 9[ the 
tree with root line i'l- As before we have that either K(T') > 2™"~^ or T' is a self-energy cluster. 
If K{T') > 2™"~^ then OT* (6*) = 2 + and one can reason as before to obtain the bound 

by relying on the inductive hypothesis. If T' is a self-energy cluster then ii is a resonant line and 

mi{9) = i + ^l{9[). 

One can iterate again the argument until either one reaches a case which can be dealt with 
through the inductive hypothesis or one obtains ^* (^) = 1 + 91* (0"), for some tree 9" which has 
no line i with Q > n. Thus 91* (0") = and the bound (jB.ip follows. This completes the proof of 
Lemma 16.41 

Now, we pass to the proof of Lemma [631 Consider a self-energy cluster T G &n,u,e- First of all 
we prove that K{T) > 2™-""^: the argument proceeds as in the proof of Lemma |3.10[ by noting that 
if there is a line £ G Vt on scale n then i/^ ^ v^/^ (otherwise i/^ = and hence T would not be a 
self-energy cluster). 

Define C{n,p) as the set of subgraphs T oi 9 with only one entering line i'rp and one exiting line 
£t both on minimum scale > p, such that L{T) ^ and n£ < n for any line i € L{T). We prove by 
induction on the order the bound 

9i;(T) < 2~("^-3)k(T) (B.2) 

for all T E C{n,p) and all < p < n. Consider T E C{n,p), p < n: call ii, . . . ,ir the lines with 
minimum scale > p closest to It- The case r = is trivial. If r > 1 and none of such lines is along 
the path Vt then the bound follows from (jB.ip . If one of such lines, say ii, is along the path Vt, 
then denote by ■ • • j the subtrees with root lines £2, - ■ ■ ,ir, respectively, and by Ti the subgraph 
with exiting fine h and entering line 1^. One has 9I*(r) < 1 + %{Ti) + 9I*(6'2) + . . . + %i9r)- By 
construction Ti E C{n,p), so that the bound ()B.2p follows by the inductive hypothesis for r > 2. 

If r = 1 then call Tq the subgraph with exiting line It and entering line ii. By reasoning as 
in the proof of Lemma 16.41 we find that either K(Tq) > 2'^p~^ or Tq is a self-energy cluster. Since 
9i;(T) < 1 + 9i;(ri), if K{To) > 2'^^-^ the bound fohows once more. If on the contrary Tq is 
a self-energy cluster we can iterate the construction: call i'l, ■ ■ ■ ,(!^t the lines with minimum scale 
> p closest to i\. If either r' = or no line among . . . ,^^/ is along the path T'tj, the bound 
follows easily. Otherwise if a line, say is along the path Vt^ and r' > 2 one has 91* (T) < 
2 + 9l*(T{) + 9t*(02) + • • • + 9t*(0^/), where T[ is the subgraph with exiting line l'^ and entering line 
i'j, and hence 9i;(r) < 2 + 2-('"f-3)Er(r) - 2, by the inductive hypothesis, so that (IM follows. 

If r' = 1 let Tq be the subgraph with exiting line ii and entering line i'^. If K{Tq) > 2™p~^ then 
the inductive hypothesis implies once more the bound while if K(T^) < 2""-^ then, by the 

same argument as above, Tq must be a self-energy cluster, so that ii does not contribute to 91* (T), 
i.e. 9T*(r) < 1 + 9Ip(T") where T[' is the subgraph with exiting line i'^ and entering line i'rp. Again 
we can iterate the argument until either one finds a subgraph T" with K{T") > 2™p~^, so that the 
inductive hypothesis compels the bound ()B.2p for T, or one obtains 9l*(T) < 1 + 9Ip(T") for some 
subgraph T" which has no line on minimum scale > p, so that 91* (T) < 1. 
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C Proof of Lemma 16.12 



We say that a self-energy cluster T is isolated if both its external lines are non-resonant and that is 
relevant if it is not isolated. As will emerge from the proof, it is convenient to introduce a further 
label l)T G {0, 1} to be associated with each relevant self-energy cluster T. We shall see later how to 
fix such a label: for the time being we consider it as an abstract label and we define the subchains 
as follows. Given p > 2 relevant self-energy clusters Ti,. . . ,Tp of a tree 6, with i'j,, = ^t^+i for all 
i = 1, . . . ,p, we say that C = {Ti, . . . , Tp} is a subchain if c)t, = 1 for z = 1, . . . ,p, the line £ti 
either is non-resonant or enters a relevant self-energy cluster To with Dtq = and the line i'j^^ either 
is non-resonant or exits a relevant self-energy cluster Tp+i with fTp+i = 0. We say that a relevant 
self-energy cluster T is a link if = 1. 

Given a subchain C = {Ti, . . . ,Tp} of a tree 6, the relevant self-energy clusters Tj are called 
the links of C. Define ^o(C) := ^Ti and £i{C) := i'rp^ for z = 1, . . . ,p and set ni{C) = n^.^^c) for 
i = 0, The lines lo{C), . . . ,£p{C) are the chain-lines of C: we call ii{C), . . . ,£p-i{C) the 

internal chain-lines of C and £o{C),£p{C) the external chain-lines of C. For future convenience we 
also set £c = 4(C) and £'c = £p{C). We also caU k{C) := k{Ti) + . . . + k{Tp) the total order of the 
subchain C and p{C) = p the length of C. The value of a subchain C is defined as in ()6.8p . Note 
that for alH = 1, . . . ,p — 1 one has Cei{c) = Qc ~ ^i'c ^(^) 0- 

We denote by €i{k; h, h'; no, . . . , Up) the set of all subchains C = {Ti, . . . , Tp} with total order k 
and with fixed labels hig(^c) = ^^p{C) — ^' ^"^^ ^iiC) = nj for i = 0, . . . ,p. 

If all relevant self-energy clusters T oi 9 carried a label 5t = 1 the definition of subchain would 
reduce to that of chain in Section [6l We want to prove the bound ()6.9p . The sum is over all chains 
C = {Ti, . . . , Tp] in C(A;; h, h'; no, . . . , Up); then we set dr^ = 1 for i = 1, . . . , p, so that we can replace 
<t{k; h, h'\ no, . . . , Up) with /i, h';nQ, . . . , Up). Thus in (j6.9p we can write 

C&C{k;h,h';no,...,np) Ce€i{k;h,h' ■,no,...,np) hi,...,hp-iG{l3,B} i=l 

ki ~\~ . . . ~\~kj} ^— k 

where Hq = h, hp = h' and nj = min{nj_i,nj} — 1 for i = 1, . . . ,p; of course |nj — nj\ < 1 for all 
i, j = 1, . . . ,p and ki > for i = 1, ... ,p; see Figure [UtJ 




Figure C.l: A subchain C of length p with links Ti, . . . ,Tp and chain-lines Iq, . . . ,£p; summing over all possible 
C with hf) = h, hp = h' , ki -\- . . . -\- kp = k and rli, . . . , fixed, one obtains a graphical representation of (jC.l|) . 

For all A; > 1, all n > —1 and all /i, h' € {/?, -B} let us write 

MtjAx.n) = Y,M\^^,{x,n,5) (C.2) 
<5eA 
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where A := {C, d, d'^,TZ} is a set of labels and 

M^l,ix,n,C) := Mi%iO) Mi%{x,n,d) := xdMi%m, 

M^^l{x,n,d^) :=x' [\t{1 - T)d^ MtUrx), (C.3) 

JO 

H^),(x,n,7^) ■.= Mtl,{x,n)-M^;:l,{x), 
so that we can decompose the sum in (jC.ip as 

(5i,...,5pGA fci,...,hp_iG{/3,B} i=l 

There are several contributions to ()C.4p which sum up to zero. This holds for all contributions 
with 5j = (5j+i = C for some j = — 1. Indeed one can write such contributions as 



;=i 

fcl + ...+fcj_l+fc+fcj+2 + ---+fcp=fc 



E E n^£A(-'--'^^) X 

1=1 



'5i,...,5j_;^,ij^;^,...,ipGA /ii,...,/ij_i,hj+i,.../ip_ie{^,_B} «=1 



( E ■^!jd,^(o)-^&;:l(o)+ E ■^K,i^(o)-^BSi(o)) 



(C.5) 



(fc") 





and by Lemma 16.81 one has (for instance) 

= E H';^^(o)<r^(o)+ E H'^wf- E -^S^w^^oi?, 

fcj+fcj+i=fc kj+kj+i=k V k'+k"=kj+i / 

one can reason in the same way also for the cases (/ij-i, /ij+i) 7^ By (I6.7ap of Lemma [6. 9 ( also 

the contributions with 5j = d and /ij-i 7^ /ij for some j = 1, . . . ,p sum up zero. Finally we obtain 
zero also when we sum together all contributions with 5j = . . . = Sj+q = d, /ij-i = . . . = hj^g = h 
for some h € B} and 6j-i = = C for some j = 2, . . . ,p — l and g = 0, . . . ,p — 1 — j. Indeed 

we can write the sum of such contributions as 



hi,...,hj-2,h,hj+g+i,...,hp-i=l3,B 
fci+...+fcp=fc 



\ / P ^ 

Vj=i / \i=j+q+2 / 
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k ^ /c fc J -|- . . . -(- fc J _|_ g — /c 



/J -2 



E 



fci+...+fcj_i+A;fe+q_(_i+...+fcp=fc-fc' \j=l 
h\,...,hj-2,hjj^q^l,...,hp-\=l3,B 



and the last sum is zero by the same argument used for (jC.SP : note that we used ()6.7bp to extract a 
common factor A^^'^^''(x, rij, 5) in the third hue. 

We say that a cluster T is a fake cluster on scale n if it is a connected subgraph of a tree with 
only one entering line d'j, and one exiting line d-T such that (i) all lines in T have scale < n and there 
is at least one line on T with scale n and (ii) the lines It and i'j, carry the same momentum; note 
that a fake cluster can fail to be a self-energy cluster only because there the scales of the external 
lines have no relation with n (and hence it can even fail to be a cluster). Denote by &m,u,e set 



of fake clusters with order k, scale m and such that ho 



e and h 



■It 



u. 



In ()C.4p we can expand 



1, . . . ,p, 



where we have set 



n>-l 

I I G^* 



5 = C,d, 
(5 = 7^, 



(C.6) 



for all A; > 0, n > and n, e G B}, and defined 



rT{x,5) :-- 



xd-TriO), 
-^t(x), 

[ dr(l - T)dl rrirx) 
< Jo 



5 = C, 

6 = d, 

5 = n, 

6 = d\ 



(C.7) 



with i^xix) defined as for self-energy clusters in Section [6l Denote by €^*{k; h, /i'; no, . . . ,np) the set 
of fake clusters {Ti, . . . ,Tp} with Tj G ^'^y choice of the labels {ki,ni,5i}^^^ and 

{^i}r=o with the following constraints (see Figure IC^ : 



i) ki + . . . + kp 



k. 



ii) rii < min{nj_i,nj} for i = 1, . . . ,p, 

iii) ho = h, hp = h' , 

iv) if (5j = £ for i = 2, . . . ,p — 1, then (5i+i 7^ £, 

v) if 5i = d for i = 1, . . . ,p, then = /ij, 
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Figure C.2: A *-chain C G h'; no, . . . , Up): the labels satisfy the constraints listed in the text. 



(vi) if 6j = 6j+i = . . . = Sjj^q = d for some j € {2, ... ,p — 1} and some g G {0, . . . ,p — 1 — j} and 
5j-i = £, then / C. 

We call *-chain any set C G ^*{k; h, h';no, ■ ■ ■ ,np) and *-links the sets Ti, . . . ,Tp. By the discus- 
sion between (fOill and (lOGll . we can write ()C.4p - and hence the sum in ()6.9p - as 

Cg£*(fe;?t,/i';r!:o,...,np) 

where 

yc(.x):=f[rTAx,Si). (C.9) 

With each *-chain C summed over in (jC.SP we associate a depi/i label D{C) = 0; if C = {Ti, . . . ,Tp} 
we associate with each Tj the same depth label as C, i.e. D(Ti) = D{C) = for i = 1, . . . ,p; the 
introduction of such a label is due to the fact that we are performing an iterative construction and 
we want to keep track of the iteration step by means of the depth label. 

Given a *-chain C = {Ti, . . . , Tp}, for all i = 1, . . . ,p and all (. G L{Ti) there exist q > 1 relevant 
self-energy clusters Tj = Tj^^^ D xj^^'^ D . . . D T- '' ^\ with xj^''^ a maximal relevant self-energy cluster 

inside Tj^'' for all j = 0, . . . , g — 1 and Tj^'' is the minimal relevant self-energy cluster containing 
£. Note that both q and the relevant self-energy clusters T^^^ , • • • , T^'''^ depend on £, even though 
we are not making explicit such a dependence. We call {r.^"'^}j=o cloud of £ and {T^^'^'^jJ^i the 
internal cloud of £. Of course if g = the internal cloud of £ is the empty set. 

In (|C.9p consider first a factor ^T^{x,5i) with 5i = C,Tl. Assign a label 5t = 1 with each 
maximal relevant self-energy cluster T contained inside Tj. Denote by ^o{Ti) the set of maximal 
subchains C contained inside Tj. For each Cj G ^o(7i) there are labels k^j\ h^''\ /i^*^', n^*Q, . . . ,n^jp^ 

such that Cj G /i^*^'; n^*Q, . . . ,n^*p_^.). Call Tj the set of nodes and lines obtained from Tj 

by removing all nodes and lines of the subchains in ^o{Ti) and T?(Tj) the family of all possible sets 
T/ G 6*^^ ^ h ini^Si) obtained from Ti by replacing, for all j = 1, . . . , |Co(7i)|, each subchain Cj with 

any subchain q G €i{kf ; hf , hf ^nfl, . . . ,nfp^)- Note that fl = fi for all Tl G ^{Ti). If we sum 
together all contributions in ^{Ti) we obtain 

icom)! 



i<i<l<!:om)| 



where 




^f.(^''^o:=( n -^Oi n (C.ll) 
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and 

aid) = I ^' , 

6 = TZ, ' \u> ■ Ui, 6 = TZ, 



«W = S , , _ Xi^s = < , _ (C.12) 



for all £ £ L{T') with T' G ;^(ri). 

Now consider a set Tj in (1C.9P with 5, = d,d'^. Write 



i£L{T,) \veN(Ti) / \e'€L{Ti) / 

with x1 := u ■ u^, and YT^ix^d"^) as in the last line of ()C.7p . with 
52rT,(rx) = 5^ (5.g„,^(x,,(r))) (a.^n,, (x,, (r))) ( J] ^n,(x,(T)) ) ( H-^-) 



h&L{T) \teL{T)\{h} / \veN{T) J 



(C.14) 



where X£{t) = + tx ii i £ Vt and xn = x^ otherwise. To simplify the notations we associate with 
each line i a label = 0, 1, 2, which denotes the number of derivatives acting on the corresponding 
propagator, and set 

ge{x) = di'gn,{x); (C.15) 

then we rewrite 

rT.(x,a)=xJ^ ( n^^(^°))( U (C.16a) 

ei&L{Ti)\eGL{T,) / \v&N{T,) / 

dlrTArx) = Y, ( n^^(^^(^)))( 11-^0' (C-16b) 

ii,e2&LiT,)\eeL{T,) / \veN{Ti) / 

with the constraint J2eeL{T) di = 1,2 fox 6i = d, d"^ respectively. 

Each summand in ()C.16aP can be regarded as the value of a fake cluster Tj in which the propagator 
of a line ii has been differentiated. Given a relevant self-energy cluster T contained inside Tj, we set 
t)r = if either (1) T belongs to the cloud of £i or (2) T is a relevant self-energy cluster with either 
(2a) non-resonant and = d-T' for some T' belonging to the cloud of £i or (2b) £'rp is non-resonant 
and £r = (.'rpu for some T" belonging to the cloud of £i. Moreover we set ^j- = 1 if 7" is any other 
maximal relevant self-energy cluster in Tj or in T' with c)^/ = 0. If ^^{Ti) = {Ci, C2, . . .}, each Cj 
belongs to (ii(/cj*^; h^^\ h^j^';n^jQ, . . . ,n^jp^) for suitable values of the labels. Call Tj the set of nodes 
and lines obtained from Ti by removing all nodes and lines of the subchains in <to{Ti) and ^(Ti) the 
family of all possible sets T/ € ©^^^^ ('^i' ^i) obtained from Tj by replacing, for all j = 1, ... , |Co(?i)|) 

each subchain Cj with any subchain Cj G Ci(/cj*^; h^j \ /i^*^' ; n^*Q , . . . , n^*p^). Note that T/ = Tj for all 

Tj' G 5^(Tj). Note also that both 5^(Tj) and Tj depend on the choice of the line ii, although we are not 
writing explicitly such a dependence. By summing together all contributions obtained by choosing 
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first the hne £i and hence the fake clusters belonging to the corresponding family ^{Ti), we obtain 
for 5i = d 

- E E f n ( n 

|Com)| (C.17) 
= E ^ E ^f.(^>5) n ^C'A^a^ 



4eL(T,)c'gCi(fc«;fc«,hW';n«,...,n« ) ^ = 1 



i<i<icom)i 



with 



We deal in a similar way with (IC.16bj) . Indeed, each summand can be regarded as the value 
of a fake cluster Tj in which the propagators of two lines ii,i2 (possibly coinciding) have been 
differentiated. As in the previous case we associate a label t)^ = with (1) the relevant self-energy 
clusters T of the clouds of both £1,^2 and (2) the relevant self-energy clusters T such that either 
(2a) It is non-resonant and i'rp = i^' for some T' belonging to the cloud of ii or £2 or (2b) i'j^ is 
non-resonant and It = i'rp, for some T' belonging to the cloud of ii or ^2 or (2c) both ^tA't ^'^^ 
resonant and = ^'t'i ^'t ~ ^T" for some T',T" belonging to the clouds of ^1,^2- Moreover we 
associate a label c)^ = 1 with the maximal relevant self-energy clusters T in Tj or in any T' with 
Dt' = 0. Then we reason as in the previous case, by defining Tj as the set of nodes and lines obtained 
from Tj by removing all nodes and lines of the subchains in <to{Ti) and 5^(Tj) the family of all possible 



sets T/ € \ h-i'n'ii^i) obtained from Tj by replacing, for all j = 1, . . . , |£o(7i)l) each subchain C- 



3 



with any subchain E £i(fcj*^; /i^*^'; n^*Q, . . . , nj^.)- Then for 5i = we obtain 

° eii2eL{T,)Tlam)\i&L{TI) / \v&N{Tl) / 



icom)i (C.19) 



dr(l-r) Y ^fS^^d') U ^c', (x,^^ (r)), 

i<i<|e:o(T,)| 



with 



n ^Ka^Kr))) ( 11-^'')' (c-20) 



where xi{t) = + tx if £ G T^t^ and xi{t) = x^ otherwise. 
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By summarising we obtained 



CeC*{k;h,h'-;no,...,np) {Ti,...,Tp}€€*{k;h,h'-;no,...,np) i=l 



n E n E 



{Ti,...,Tp}£€*{k;h,h';no,...,np) \ j=l 

Si=d 



with x^j,, = X hy construction and 



(C.21) 



where we have defined xiij^ := x^ + tx and 



n -^4 



0, 


6 = 


c, 


1, 


6 = 


7^, 


0, 


6 = 






6 = 


a2 



a{x, 5) :- 



1, 


5 


= A 




6 


= 7^, 


X, 


6 


= d, 




6 





(C.22) 



(C.23) 



The factors l/|5^(Ti)| have been introduced in (IC.2ip to avoid overcountings. The last sums in (lC.2ip 
have the same form as the sum (jC.ip . so that we can iterate the procedure, by writing 



J2 rc,ix^ {T.xm 



(C.24) 



C,eCi(fcf;h«,/.«';W«,...,W«p 



for i = 1, . . . ,p and j = 1, . . . , l^ol^i)!' with '^j'(x) defined as in ()C.9p . Now we associate with each 
*-chain Cj a depth label D{Cj) = 1, and if Cj = {T^^\ ■ ■ ■ we associate with each xj^-^^ the 

same depth label as Cj, i.e. D{t}^^) = D{Cj). More generally, by pursuing the construction, in order 
to keep track of the iteration step, we associate a depth label D{C) = d with each *-chain C which 
appears at the d-th step and the same depth label D{T) = d with each *-link T of C. Since at each 
step the order of the chains is decreased, sooner or later the procedure stops. 

To make the notation more uniform, for any *-link T such that ^o{T) = we write T = T. Given 
any *-link T with T 7^ T, if two lines 1,1' € L{T) are such that there exists a maximal link T' in T 
with (.x' = ^ and i'rpi = we say that the two lines are consecutive and we write (.' -< i. 

At the end of the procedure described above we obtain a sum of terms of the form 



TT f dTi{l-Ti)]Tla{xe^XT),6i)rfXxe^XT),6i), 



(C.25) 



St =d^ 
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where the fohowing notations have been used: 

(i) / = {1, 2, . . . , iV} for some iV G M; 

(ii) {Tjljg/ are *-hnks such that (1) for all Tj with D{Ti) = d, d > 1, there exists a *-link Tj, 
j G I, with D(Tj) = d — 1 and two consecutive lines i' ~< i & L{Tj) with the same labels as i'rp^,iTi, 
respectively, and conversely (2) for all Tj with D{Tj) = d, d > 0, and all pairs of consecutive lines 
£' ~< i € L{Tj), there is a *-link Tj, i G I, with D(Ti) = d + 1, such that i'rp,,iTi have the same labels 

as respectively (roughly we can imagine to 'fill the holes' of all T such that D(T) = with all 
T' with D[T') = 1, then 'fill the remaining holes' with all T" with D(T") = 2 and so on up to the 
*-links of maximal depth which have no 'holes'); 

(iii) T = (ti((5i), . . . ,Tj^{5]\f)), with Ti{5i) defined as in ()C.23p . and for all £ G L(Ti) U . . . U L{Tn) we 
have set 

xtir) := x° + T,,i6T,j(^xl + r.,_, (<5t,^_ J (x.^, + ri,_,(5r.,_ J(. . . + t,„(5t,Jx)) j , (C.26) 

where Tj^ is the minimal *-link (with depth d) containing i and ij is the line in the *-link with 
depth j — I corresponding to the entering line of T,^ , for j = 1, . . . , d. 

Recall that each propagator is differentiated at most twice and note that, for T such that 6t = d, 
there is a line i £ L{T) with di = 1. Then, when bounding the product of propagators, instead of 

n y«™n,(^)"' (C.27) 

with 7o as in the proof of Lemma 14.3^ we obtain the bound ()C.27p times an extra factor 

ciamr,^{uy^\xi^\, (C.28) 

for suitable constant ci . Analogously, for T such that St = d'^, either there are two lines ii , £2 with 
di^ = di^ = 1 or one line ii with de^ = 2; in both cases we obtain ()C.27p times an extra factor 

ciam„^^ {uY^amr,^^ {u)-^\xi^\^. (C.29) 

On the other hand we have no gain factor coming from the *-links with label 5 = C,TZ, or from 
the relevant self-energy clusters T' with Dt' = 0. In order to deal with such lines we need some 
preliminary results. 

Given a *-link T, define T as before and denote by Lji(T) the set of resonant lines in T. Set 

(i) LNR{f) ■.= L{f)\LR{f), 

(ii) Loif ) := {£ G LR{f ) : d, > 0}, 

(iii) Lq{T) := {£ G Lr{T) : £ = £t' for some relevant self-energy cluster T' C T with Dt' = 0}, 

(iv) Lq{T) := {£ £ Lr(T) : £ = £'j,, for some relevant self-energy cluster T' C T with 6t' = 0}; 

(v) Lo(f) := LUf) U Llif); 
{vi)L*^iT) = Lp{T)ULo{T). 

Of course Ld{T) = Lq{T) = % \i 5t = C, TZ. Given a *-link T we say that £ G L{T) is maximal in T' 
if T' is the minimal relevant self-energy cluster contained in T (with 5^/ = 0) such that £ G L{T'). 
If there is no such relevant self-energy cluster we say that £ is maximal in T. Given a *-link T with 
5t = d,d^, we denote by Lm{T) the set of lines which are maximal in T; for any relevant self-energy 
cluster T' with t)j" = we denote by Lm{T') the set of lines which are maximal in T' . 
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Lemma C.l. Let T be any *-lmk with 5t = d,d^. For all relevant self-energy clusters T' contained 
in T one has qo{T') := \Lm{T') H Lq{T)\ < 4. Moreover 

qi{T') := Yl de< min{4 - qo{r),2}. 

eeLM{T') 

The same hold if we replace T' with the *-link T. 

Proof. \i 5t = d there is at most one line £ € L{T) such that d^ = 1. Let {TjjJ^o be the cloud 
of £, where we denoted Tq = T, so that Lq{T) C {ix^^fj.^, . . . ,iTmT^T,n}- Then Tm is the minimal 
relevant self-energy cluster containing i and LM(Tj)r\LQ(T) C {^Tj+i , +i }) J = 0) 1- Hence 

qo{Tj) < 2 and gi(T,) = for j = 0, . . . , m - 1, while qo{Tm) = and gi(r„) = 1. If 6t = and 
there is one line £ G L{T) with de = 2 one can reason as in the previous case, denoting by {Tj}^Q 
the cloud of i and hence obtaining qo{Tj) < 2 and qi{Tj) = for j = 0, . . . , m — 1, while qo(Tm) = 
and qi{Tra) = 2. If there are two lines ii,i'2 € L{T) with d^/ = (i^/^ = 1 one proceeds as follows. Call 

{Tj'^}f=o the cloud of l'^, i = 1,2, with T^'^^ = Tq^^^ = Tq = T, and set 

r := max{j > : t]^^ = tJ^^ =: Tj}. 

If r = mi = m2 then again qo{Tj) < 2 and qi{Tj) = for j = 0, . . . , r — 1, while qo{Tr) = and 
qi{Tr) =2. If r = mi < m2 then qo{Tj) < 2 and qi{Tj) = for j = 0, . . . , r — 1, qo{Tr) < 2 and 
gi(rr) = 1, go(7'J^^) < 2 and gi(rj^^) = for j = r + 1, . . . ,m2, and qoiTm^) = and Q'i(rm2) = 1. 
Finally if r < min{mi,m2} then LA/(Tr) nLo(T) C {£ (i) ,£' ,^^(2) ,£' (2) }, so that qo{Tj) < 2 and 

r+1 7^ + 1 r + 1 

gi(T,) = for j = 0, . . . ,r - 1, qo{Tr) < 4 and gi(r,.) = 0, while qo{Tj'^) < 2 and gi(rj'^) = for 
j = r + 1, . . . ,mi, and qo{TmJ = and qi{TmJ = 1, i = 1,2. ■ 

Define the multiplicity (function) of a non-injective map as the cardinality of its pre-image sets 
[Ml ISP- 
Lemma C.2. Let T be a *-link with 5t = d,d^ . There exists an application A : L*^{T) L]^r{T) 
with multiplicity at most 2 such that Q = Ca(£) ■ 

Proof. By Lemma TC. II there are at most four lines ^1,^21^3,^4 £ -^r(^) such that, if T/ denote the 
minimal relevant self-energy cluster containing £{ , then r{ = ... = T4 . Moreover by Remark 16.111 
if ^ is a resonant line, then the minimal relevant self-energy cluster containing £ contains also two 
non-resonant lines ^1,^2 with the same minimum scale as i. Therefore the assertion follows. ■ 

Now consider a *-link T contributing to (|C.25P with largest depth, say D. Since T does not 
contain any resonant line, by Lemma 16.61 and Remark 16.71 we have 

|rT.(x,,^(r),7^)| < cp)e-«^(^-)/2 < csc^^^'^jx,,^ (r)p, (C.30) 

for some positive constants C2 and C3; we have also used that K(Ti) > 2 for = 'R- and 

I^It' ^ ckm„ i^) if {xit- iz)) 7^ 0- Therefore we can bound 



4 , o — i^, 



\a{xeT{T),6T)\\yTixi^{T),6T)\ < < 



N^(t)P, 5 = d\n, 



\xeAz)\, ST = d, (C.31) 
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for some constant C4. Now consider a *-link T contributing to ()C.25P with depth D — 1. For 
each resonant line i € Lr{T) denote by T' the minimal relevant self-energy cluster containing (. 
(set T' = r if there is no minimal relevant self-energy cluster containing i). For all resonant lines 
I' G Lm{T') \ Lq{T), there is a subchain C G '^o(^) for which i' is an internal chain-line, such that 
C is uniquely associated (see the comments after ()C.25p ) with a *-chain C* = {Tj^, . . . ,Ti^^^,^} with 
depth D contributing to ()C.25p . whose value can be bounded by 

P{C) 

i=i 

for some C5 > 0, and this can be obtained as follows. If either Jj-. ^ C for all j = 1, . . . ,p{C) or there 
is only one j = 1, . . . ,p{C) such that St^. = C, then ()C.32p trivially follows from ()C.3ip . Otherwise 
if 1 < J < j' < PiC) are such that 5t^. = ^Ti = then there is at least one j" = j + 1, . . . , j' — 1 
such that = d^,^^', recall the constraints (i)-(vi) after ()C.7p . Then (jC.32p follows. 

Moreover by Lemma IC. 11 if there are i?*(r') resonant lines in Lm{T') with minimum scale n, we 
have an overall gain ~ am„(<^)^* '•"^ )-'?o(T ) ^^^^ ^.j^g other hand the product of the propagators of 
such resonant lines can be bounded proportionally to Qm„(^)~^^"''"^ )) ^ with qQ{T')+qi{T') < 4. 

Therefore, by Lemma IC.21 if we replace the bound for the propagators of each non-resonant line 
i € Lm{T'), Ce = with CQam„{Lj)~^ for some positive constant cq, we have exactly a gain factor 
which is enough to compensate each propagator of the resonant lines with minimum scale n in 
Lm{T'). But since we can reason in the same way for all n and all resonant lines in T, if we replace 
the bound for the propagators of each £ G Lnr{T) with CQam„f, (^)~^ we obtain a gain proportional 
to am„ , (a;)^+'^«' for any f € Lji(T), and hence we can use again Lemma [631 in order to obtain the 
bound (IC.Sip also for the *-links with depth D — 1. 

Then we pass to the *-links with depth D — 2 and reason in the same way as above and so on. 
When we arrive to the *-links with depth we only have to recall that they are associated with the 
maximal relevant self-energy clusters T oi 9, which all have label Ot = 1- Hence in ()C.25p we can 
bound 

N 
i=l 

for some positive constant cy. We have still to sum over all the possible contributions of the form 
()C.25p . To take into account the scale labels n^, i G ^C^i) U . . . U L{T]^) simply recall that for 
each momentum ue only 2 scale labels are allowed; see Remark 13.81 To sum over the mode labels 
V €z N(Ti) U . . . U N{Ti\f) we can neglect the constraints and use a factor e"^^/^^!'^"! for each v. 
Moreover the component labels h£ are 2. Finally the sum over all possible unlabelled chains with 
order k is bounded by a constant to the power k. This completes the proof of the bound (j6.9p . 

References 

[1] A. A. Andronov, E.A. Leontovich, LL Gordon, A.G. Maier, Theory of bifurcations of dynamic systems 
on a plane, Halsted Press, Israel Program for Scientific Translations, Jerusalem-London, 1973. 

[2] V.I. Arnold, Instability of dynamical systems with several degrees of freedom, Soviet Math. Dokl. 5 (1964), 
581-585. 



< \xe,. (z)r("^)-'cS(^), (C.32) 



57 



[3] A. Ambrosctti, M. Badiale, Homoclinics: Poincare-Melnikov type results via a variational approach, Ann. 
Inst. H. Poincarc Anal. Non Lineaire 15 (1998), no. 2, 233-252. 

[4] A. Ambrosetti, V. Coti Zelati, I. Ekeland, Symmetry breaking in Hamiltonian systems, J. Differential 
Equations 67 (1987), no. 2 165-184. 

[5] M.V. Bartuccelli, J.H.B. Deane, G. Gentile, Bifurcation phenomena and attractive periodic solutions in 
the saturating inductor circuit, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 463 (2007), no. 2085, 
2351-2369. 

[6] M.V. Bartuccelli, G. Gentile, Lindstedt series for perturbations of isochronous systems: a review of the 
general theory. Rev. Math. Phys. 14 (2002), no. 2, 121-171. 

[7] M. Belhaq, M. Houssni, Quasi-periodic oscillations, chaos and suppression of chaos in a nonlinear oscil- 
lator driven by parametric and external excitations, Nonlinear Dynam. 18 (1999), no. 1, 1-24. 

[8] M. Berti, Ph. Bolle, A functional analysis approach to Arnold diffusion, Ann. Inst. H. Poincare Anal. 
Non Lineaire 19 (2002), no. 4, 395-450. 

[9] M. Berti, P. Bolle, Homoclinics and chaotic behaviour for perturbed second order systems, Ann. Mat. 
Pura Appl. (4) 176 (1999), 323-378. 37J45 (37C29 58E05) 

[10] M. Berti, L. Biasco, Ph. Bolle, Drift in phase space: a new variational mechanism with optimal diffusion 
time, J. Math. Pures Appl. 82 (2003), no. 6, 613-664. 

[11] U. Bessi, An approach to Arnold's diffusion through the calculus of variations. Nonlinear Anal. 26 (1996), 
no. 6, 1115-1135. 

[12] J. Bricmont, K. Gaw§dzki, A. Kupiainen, KAM theorem and quantum field theory, Comm. Math. Phys. 
201 (1999), no. 3, 699-727. 

[13] H. Broer, H. Hanssmann, A. .lorba, J. Villanueva, F. Wagener, Normal-internal resonances in quasi- 
periodically forced oscillators: a conservative approach, Nonlincarity 16 (2003), no. 5, 1751-1791. 

[14] A.D. Bryuno, Analytic form of differential equations. I, II, Trudy Moskov. Mat. Obsc. 25 (1971), 119 262; 
ibid. 26 (1972), 199-239. English translations: Trans. Moscow Math. Soc. 25 (1971), 131-288 (1973); 
ibid. 26 (1972), 199-239 (1974). 

[15] Ch.-Q. Cheng, Birkhoff-Kolmogorov-Arnold-Moser tori in convex Hamiltonian systems. Comm. Math. 
Phys. 177 (1996), no. 3, 529-559. 

[16] W.A. Coppel, Dichotomies in stability theory. Lecture Notes in Mathematics 629, Springer, Berlin-New 
York, 1978. 

[17] V. Coti Zclati, I. Ekeland, E Sere, A variational approach to homoclinic orbits in Hamiltonian systems. 
Math. Ann. 288 (1990), no. 1, 133 160. 

[18] L. Corsi, G. Gentile, Melnikov theory to all orders and Puiseux series for subharmonic solutions, J. Math. 
Phys. 49 (2009), no. 11, 112701, 29 pp. 

[19] L. Corsi, G. Gentile, Response solutions for arbitrary quasi-periodic perturbations with Bryuno frequency 
vector, preprint, Roma 2010. 

[20] L. Corsi, G. Gentile, M. Procesi, KAM theory in configuration space and cancellations in the Lindstedt 
senes. Comm. Math. Phys. 302 (2011), no. 2, 359-402. 



58 



[21] A. Dclshams, V. Gelfreich, A. Jorba, T.M. Scara, Exponentially small splitting of separatrices under fast 
quasiperiodic forcing, Comm. Math. Phys. 189 (1997), no. 1, 35-71. 

[22] A. Delshams, R. de la Llave, T.M. Seara, A geometric mechanism for diffusion in Hamiltonian systems 
overcoming the large gap problem: heuristics and rigorous verification on a model, Mem. Amer. Math. 
Soc. 179 (2006), no. 844, viii+141 pp. 

[23] N. Fenichel, Persistence and smoothness of invariant manifolds for flows, Indiana Univ. Math. J. 21 
(1971), 193-226. 

[24] A. Franz, Hausdorff dimension estimates for non-injective maps using the cardinality of the pre-image 
sets, Nonlinearity 13 (2000), no. 5, 1425 1438. 

[25] G. Gallavotti, Arnold's diffusion in isochronous systems. Math. Phys. Anal. Geom. 1 (1999), no. 4, 
295-312. 

[26] G. Gallavotti, G. Gentile, Hyperbolic low- dimensional invariant tori and summation of divergent series. 
Comm. Math. Phys. 227 (2002), no. 3, 421-460. 

[27] G. Gallavotti, G. Gentile, A. Giuliani, Fractional Lindstedt series, J. Math. Phys. 47 (2006), no. 1, 
012702, 33 pp. 

[28] G. Gallavotti, G. Gentile, V. Mastropietro, Separatrix splitting for systems with three time scales. Comm. 
Math. Phys. 202 (1999), 197-236. 

[29] G. Gallavotti, G. Gentile, V. Mastropietro, Melnikov's approximation dominance. Some examples. Rev. 
Math. Phys. 11 (1999), no. 4, 451-461. 

[30] G. Gallavotti, G. Gentile, V. Mastropietro, Hamilton- Jacobi equation, heteroclinic chains and Arnol'd 
diffusion in three time scales systems, Nonlinearity 13 (2000), 323-340. 

[31] G. Gallavotti, G. Gentile, V. Mastropietro, Field theory and KAM tori. Math. Phys. Electron. J. 1 (1995), 
Paper 5, 13 pp. (electronic). 

[32] G. Gentile, Resummation of perturbation series and reducibility for Bryuno skew-product flows, J. Stat. 
Phys. 125 (2006), no. 2, 321-361. 

[33] G. Gentile, Degenerate lower- dimensional tori under the Bryuno condition, Ergodic Theory Dynam. 
Systems 27 (2007), no. 2, 427-457. 

[34] G. Gentile, Quasi-periodic motions in strongly dissipative forced systems, Ergodic Theory Dynam. Systems 
30 (2010), no. 5, 1457 1469. 

[35] G. Gentile, M.V. Bartuccelli, J.H.B. Deane, Bifurcation curves of subharmonic solutions and Melnikov 
theory under degeneracies. Rev. Math. Phys. 19 (2007), no. 3, 307-348. 

[36] J. Guckenheimer, Ph. Holmes, Nonlinear oscillations, dynamical systems, and bifurcations of vector fields. 
Applied Mathematical Sciences 42, Springer, New York, 1990. 

[37] M.W. Hirsch, C.C. Pugh, M. Shub, Invariant manifolds, Lecture Notes in Mathematics 583, Springer, 
Berlin-New York, 1977. 

[38] K. Khanin, J. Lopes Dias, J. Marklof, Multidimensional continued fractions, dynamical renormalization 
and KAM theory. Comm. Math. Phys. 270 (2007), no. 1, 197-231. 

[39] H. Koch, A renormalization group for Hamiltonians, with applications to KAM tori, Ergodic Theory 
Dynam. Systems 19 (1999), 475-521. 



59 



[40] H. Koch, S. Kocic, A renormalization approach to lower- dimensional tori with Brjuno frequency vectors, 
J. Differential Equations 249 (2010), no. 8, 1986-2004. 

[41] J. Kevorkian, J.D. Cole, Multiple scale and singular perturbation methods, Applied Mathematical Sciences 
114, Springer, New York, 1996. 

[42] A.J. Lichtenberg, M.A. Lieberman, Regular and chaotic dynamics. Applied Mathematical Sciences 38, 
Springer, New York, 1992. 

[43] J. Lopes Dias, A normal form theorem for Brjuno skew systems through renormalization, J. Differential 
Equations 230 (2006), no. 1, 1-23. 

[44] K.R. Meyer, G.R. Sell, Melnikov transforms, Bernoulli bundles, and almost periodic perturbations. Trans. 
Amer. Math. Soc. 314 (1989), no. 1, 63-105. 

[45] J. Moser, Combination tones for Buffing's equation. Comm. Pure Appl. Math. 18 (1965), 167-181. 

[46] J. Moser, Convergent series expansions for quasi-periodic motions. Math. Ann. 169 (1967) 136-176. 

[47] A.H. Nayfeh, D.T. Mook, Nonlinear oscillations, John Wiley & Sons, New York, 1979. 

[48] K.J. Palmer, Exponential dichotomies and transversal homoclinic points, J. Differential Equations 55 
(1984), no. 2, 225-256. 

[49] M. Ponce, On the persistence of invariant curves for fibered holomorphic transformations. Comm. Math. 
Phys. 289 (2009), no. 1, 1-44. 

[50] M. Proccsi, Exponentially small splitting and Arnold diffusion for multiple time scale systems. Rev. Math. 
Phys. 15 (2003), no. 4, 339 386. 

[51] V. Reitmann, Dimension estimates for invariant sets of dynamical systems, Ergodic theory, analysis, and 
efficient simulation of dynamical systems, 585-615, Ed. B. Fiedler, Springer, Berlin, 2001. 

[52] E. Sere, Looking for the Bernoulli shift, Ann. Inst. H. Poincare Anal. Non Lineaire 10 (1993), no. 5, 
561-590. 

[53] J. Scheurle, Chaotic solutions of systems with almost periodic forcing, Z. Angew. Math. Phys. 37 (1986), 
no. 1, 12-26. 

[54] M. Stenlund, An expansion of the homoclinic splitting matrix for the rapidly, quasiperiodically, forced 
pendulum, J. Math. Phys. 51 (2010), no. 7, 072902, 40 pp. 

[55] D. Treshchcv, Evolution of slow variables in a priori unstable Hamiltonian systems, Nonlinearity 17 

(2004), no. 5, 1803-1841. 

[56] S. Wiggins, Global bifurcations and chaos. Analytical methods. Applied Mathematical Sciences 73, 

Springer, New York, 1988. 

[57] S. Wiggins, Chaos in the quasiperiodically forced Duffing oscillator, Phys. Lett. A 124 (1987), no. 3, 
138-142. 

[58] P. Xu, Zh. Jing Quasi-periodic solutions and sub-harmonic bifurcations of Duffing 's equations with quasi- 
periodic perturbation. Acta Math. Appl. Sin. 15 (1999), no. 4, 374-384. 

[59] K. Yagasaki, Second-order averaging and chaos in quasiperiodically forced weakly nonlinear oscillators, 
Phys. D 44 (1990), no. 3, 445-458. 



60 



